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Zusammenfassung

Die vorliegende Dissertation fasst die Forschungsergebnisse meiner Arbeit zusammen,
die an der Schnittstelle von Atomphysik, Quantenoptik und Quanteninformation angesiedelt
ist. Diese Dissertation wurde am Institut für Theoretische Physik der Universität Inns-
bruck sowie am Institut für Quantenoptik und Quanteninformation der Österreichischen
Akademie der Wissenschaften unter der Betreuung durch Prof. Peter Zoller durchgeführt.
Der Schwerpunkt dieser Dissertation liegt auf der theoretischen Erforschung neuer Konzepte
zur Quantensimulation wechselwirkender Vielteilchensysteme. Die Dissertation ist in drei
Teile untergliedert, die meine Arbeit zu i) Ketten gefangener Rydberg-Ionen, ii) Quantenin-
formationsverarbeitung und -simulation mit Rydberg-Atomen sowie iii) Quantensimulation
mit Grundzustandsionen beinhalten.

Der erste Teil beschäftigt sich mit der Untersuchung von in einer linearen Paul-Falle
gespeicherten Rydberg-Ionen. Hier werden die Eigenschaften ionischer Rydberg-Zustände
unter dem Einfluss der statischen und zeitabhängigen elektrischen Fallenfelder untersucht.
Zunächst wird analysiert, unter welchen Bedingungen sich durch Laser angeregte Rydberg-
Ionen stabil fangen lassen. Desweiteren wird gezeigt, dass starke dipolare Wechselwirkungen
zwischen den Ionen durch Einstrahlung von Mikrowellenfeldern herbeigeführt werden können.
Diese Wechselwirkungen führen zu einer Ausbreitung von Rydberg-Anregungen durch den Io-
nenkristall, die auf einer Zeitskala von wenigen Nanosekunden stattfindet und durch effektive
Spin-Modelle beschrieben werden kann. Zusätzlich wird gezeigt, wie schnelle verschränkende
Zwei-Qubit-Gatteroperationen zwischen Paaren von Rydberg-Ionen erreicht werden können.

Im zweiten Teil dieser Dissertation geht es darum, neuartige Möglichkeiten, neutrale
Rydberg-Atome zur Quanteninformationsverarbeitung und Quantensimulation zu verwen-
den, zu untersuchen. Hier wird ein neues Verfahren zur Realisierung eines Mehrteilchen-
Quantengatters vorgeschlagen und analysiert. Diese parallelisierte Operation erlaubt es,
einen Verbund mehrerer Atome mit einem Kontrollatom in einem einzelnen Schritt mit
einer hohen Güte und in weniger als einer Mikrosekunde zu verschränken. Dieses Schema
basiert auf starken und langreichweitigen Wechselwirkungen zwischen Rydberg-Atomen und
macht sich eine Art von quantenmechanischem Schaltermechanismus zunutze, der auf dem
Effekt der elektromagnetisch induzierten Transparenz beruht. In einer hierauf aufbauen-
den Arbeit wird dieses Mehrteilchen-Gatter dann als wesentliches Element für die Ent-
wicklung eines mit Rydberg-Atomen arbeitenden Quantensimulators verwendet. Hier wird
gezeigt, dass Laser-angeregte Rydberg-Atome in optischen oder magnetischen Gittern die
Möglichkeit bieten, einen universellen Quantensimulator zur Erforschung von Spin-Modellen
zu bauen. Es werden Protokolle zur Quantensimulation entwickelt, die es einem erlauben, das
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kohärente und dissipative Verhalten von Spinmodellen zu studieren. Das Verfahren eignet
sich insbesondere für Modelle mit Mehrteilchen-Wechselwirkungen wie beispielsweise das auf
Vierkörperwechselwirkungen basierende, von Kitaev vorgeschlagene “toric-code”-Modell oder
komplexere Gittereichtheorien. Es wird im Detail untersucht, wie dies durch Sequenzen
aus Rydberg-Gatteroperationen und dissipativen Schritten durch optisches Pumpen erreicht
werden kann. Diese Technik kann auch in der dissipativen Erzeugung von verschränkten
Zuständen und Quantenphasen Anwendung finden.

Die im letzten Teil dieser Dissertation zusammengefassten Ergebnisse sind in enger Zusam-
menarbeit mit der Gruppe von Prof. Rainer Blatt am Institut für Experimentalphysik an der
Universität Innsbruck entstanden. In diesem Projekt werden neue Möglichkeiten für die
Quantensimulation sogenannter offener Quantensysteme mithilfe gefangener Ionen sowohl
theoretisch als auch im Experiment untersucht. Zunächst ist hier ein digitales, d.h. auf
Quantengattern basierendes Simulationsverfahren für Ionen entwickelt worden. Die Me-
thode beruht auf einer Kombination aus verschränkenden Gattern hoher Güte, die parallel
auf mehrere Ionen wirken, und optischem Pumpen einzelner Hilfsteilchen, um allgemeine
kohärente und dissipative Dynamik mehrerer Qubits zu erzielen. In dieser Zusammenarbeit
zwischen Experiment und Theorie ist es zum ersten Mal gelungen, die Grundoperationen
dieses neuen Verfahrens zur Simulation offener Quantensysteme in einem Experiment mit
bis zu fünf Qubits zu zeigen. Konkret sind in diesem Experiment dissipative Erzeugung von
Verschränkung, Simulation von kohärenter Vierkörper-Wechselwirkung zwischen Spins sowie
eine Rückwirkungs-freie (QND) Messung eines Mehrteilchen-Operators demonstriert worden.



Abstract

This thesis presents my work that is located at the interface between the fields of atomic
physics, quantum optics and quantum information. The work was performed at the Institute
of Theoretical Physics of the University of Innsbruck and the Institute for Quantum Optics
and Quantum Information of the Austrian Academy of Sciences under the supervision of Prof.
Peter Zoller. The main topic of this thesis is the investigation of new schemes for quantum
simulation of interacting many-body systems. The thesis is divided into three parts, which
cover my work on i) chains of trapped Rydberg ions ii) quantum information processing and
simulation with Rydberg atoms and iii) quantum simulation with ground state ions.

The first part of this thesis is concerned with the study of Rydberg ions trapped in a
linear Paul trap. The properties of ionic Rydberg states in the presence of the static and time-
dependent electric trapping fields are investigated. First it is analyzed under which conditions
laser-excited Rydberg ions can be trapped in a stable configuration. Furthermore, it is shown
that strong dipole-dipole interactions among the ions can be achieved by microwave dressing
fields. These interactions can give rise to dynamics of Rydberg excitations through the ion
crystal, which take place on a nanosecond timescale and can be described by effective spin-
models. In addition, it is discussed how to achieve fast two-qubit entangling gates between
pairs of Rydberg ions.

In the second part of this thesis, novel possibilities of using neutral Rydberg atoms for
quantum-information processing and quantum simulation are investigated. A new scheme
for a multi-atom quantum gate is proposed and theoretically analyzed. This parallelized gate
allows one to entangle a mesoscopic ensemble of atoms with a single control atom in a single
step, with high fidelity and on a microsecond time scale. The operation relies on strong and
long-ranged interactions between Rydberg atoms triggering a quantum switch mechanism
that involves electromagnetically induced transparency. In the following work, this many-
particle entangling gate it then used as the principle building block for the development of a
new Rydberg quantum simulation architecture. It is shown that laser-excited Rydberg atoms
in optical or magnetic lattices provide an efficient implementation of a universal quantum
simulator for spin models. Simulation protocols are developed that allow one to realize the
coherent and dissipative time evolution of spin models involving higher-order interactions,
such as Kitaev’s toric code Hamiltonian and more complex lattice gauge theories. It is
analyzed in detail how this can be achieved by stroboscopic sequences of multi-qubit Rydberg
gates combined with dissipative steps via optical pumping. Based on multi-particle reservoir
engineering the new scheme can also be used for the dissipative preparation of entangled
states and many-body quantum phases.



viii Abstract

The work presented in the last part of this thesis has been performed in close collabora-
tion with the group of Prof. Rainer Blatt at the Institute for Experimental Physics at the
University of Innsbruck. In this project, novel possibilities for the quantum simulation of
general open-system dynamics using trapped ions are explored both theoretically and in an
experiment. A digital, i.e., gate-based quantum simulation scheme is developed that com-
bines high-fidelity multi-ion entangling gates with optical pumping on auxiliary ions, for the
realization of coherent and dissipative multi-qubit dynamics. The elementary building blocks
of this simulation architecture have been demonstrated in an experiment that for the first
time realizes a toolbox for simulating an open quantum system with up to five qubits. In the
experiment, this engineering of general dynamics is illustrated by the dissipative preparation
of entangled states, the simulation of coherent many-body spin interactions and the quantum
non-demolition measurement of multi-qubit observables.
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General Introduction

The work presented in this thesis is located at the interface between atomic physics,
quantum optics and quantum information. The main aim of this thesis is to explore new per-
spectives in the field of quantum simulation of many-body physics using systems of Rydberg
atoms and trapped ions.

Introduction

The field of atomic, molecular and optical physics (AMO) is a very active research area in
modern physics. In the last decades, powerful techniques have been developed that allow
one to trap, manipulate and observe individual quantum systems, such as single atoms, ions
or photons. For example, the development of laser cooling [1] and ion trap technology has
enabled researchers to fully control the internal electronic state and the external motion
of single trapped ions [2]. The experimental study of quantum mechanical effects like the
observation of quantum jumps in individual ions [3] or the creation of entangled quantum
states [4] are fascinating realizations of scenarios, that in the early days of quantum mechanics
were considered to be purely theoretical gedankenexperiments [5].

Enormous progress has been made in recent years in the control and manipulation of
single-particle and many-body quantum systems. Starting with the first realization of a Bose-
Einstein condensate in dilute atomic gases in 1995, the field has since developed into a young
and rapidly evolving research discipline characterized by a close and mutually stimulating
collaboration between experimental and theoretical groups. Key achievements of the field
in recent years include the deceleration and storage of light in atomic vapors [6, 7], the
realization of quantum-degenerate Fermi gases [8], the creation of cold polar molecules [9],
the implementation of entangling two-qubit gates between neutral atoms [10, 11] and the
cooling of micromechanical resonators into the quantum regime [12]. These achievements
benefitted strongly from the distinguishing property of AMO systems: they can often be
very well isolated from the surrounding environment. In many cases, the underlying physics
of the systems (for instance, the scattering properties) are not only well understood at a
microscopic level, but the relevant system parameters can even be tuned over a wide range
by means of external control fields. In combination with a variety of detection techniques, e.g.,
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time-of-flight and interference measurements for systems of cold atoms, this has allowed one
to experimentally explore the physics of interacting many-body systems and models that were
originally proposed and studied in the context of condensed matter physics [13]. Examples
are the experimental observation of quantum phase transitions, such as the change of state
of cold bosonic atoms in optical lattices from a superfluid to a Mott-insulator phase [14, 15]
or the study of Kosterlitz-Thouless physics in quasi-two-dimensional quantum degenerate
Bose gases [16]. Very recently, precision has reached a level, where it has become possible to
validate the performance of such quantum simulators for the study of interacting many-body
systems also on a quantitative level, e.g., by comparison of experimental measurements with
ab-initio numerical simulations [17]. Below, we discuss in more detail the idea and different
ways of using AMO systems as quantum simulators to gain insight into open questions from
other fields such as condensed matter [18].

Another major driving force of the rapid developments in the field is the motivation to
develop quantum-information-processing architectures [19]. Different physical platforms have
been identified as promising candidate systems towards the ambitious goal of building a quan-
tum computer, which promises to be able to tackle certain tasks much more efficiently than
classical computers [20–22]. Linear chains of trapped ions were the first physical system for
which it was proposed to use it to encode and manipulate quantum information [23]. Here,
each qubit – the quantum analog of a classical bit, which constitutes the basic information
unit of a quantum computer – is represented by a pair of electronic states. The use of focused
laser beams allows one to manipulate strings of ions, initialize the state of the qubit register,
perform the actual quantum computation by a sequence of gate operations and finally read
out the result. Similar proposals and experimental implementations of quantum information
processors have been developed for other platforms, including nuclear magnetic resonance
(NMR) [24], neutral atoms [25–27], ultracold polar molecules [28], photons [29] and solid
state systems like quantum dots [30], superconducting Josephson junctions [31] or nitrogen
vacancy centers in diamond [32]. While the elementary building blocks of a quantum com-
puter and proof-of-principle implementations of quantum algorithms and different paradigms
of quantum computing have already been demonstrated for small numbers of qubits, the re-
alization of a fully-developed large-scale quantum computer is not to be expected in the near
future [33]. However, as we will discuss below, even a moderately-sized quantum computer
with less than hundred qubits would already be a valuable device that could be used for
quantum simulation. Today, the degree of control in several quantum systems has reached a
level which is high enough that one can expect that in the next decade, prototypes of such
quantum simulators, which could outperform classical computers, might be built.

Most promising seems that along the way towards the long-term goals of quantum com-
putation and simulation, plenty of novel and often unexpected exciting physics has been
discovered. In the past, the highly interdisciplinary character of this research has already
led to innumerable insights, new concepts and steady improvements in experimental control.
We expect these fascinating developments, which have strongly benefitted from a creative
combination of expertise from different fields like quantum optics, atomic physics, condensed
matter and quantum information, to continue in the foreseeable future.

Motivated by the encouraging developments in quantum control of systems of cold atoms
and ions, we explore in this thesis novel possibilities for quantum simulation of many-body
physics with Rydberg atoms and trapped ions. In the next subsections, we provide a brief
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overview of basic concepts, recent developments and future challenges in the fields of quantum
simulation and quantum information processing, with a particular focus on Rydberg atoms
and trapped ions.

Quantum Simulation

Simulating interacting many-particle quantum systems is in general a task where classical
computers quickly reach their limitations. The problem is rooted in the complexity of many-
body quantum systems, where, for instance, storing only a general quantum state of n qubits
requires a classical memory that grows exponentially with the number of particles, and the
calculation of the general time evolution is even more demanding. One way to circumvent
these problems posed by classical simulations of quantum systems was proposed by Feynman
in 1982 [34]. He suggested using a controllable, quantum-mechanical device to efficiently
simulate another quantum system of interest. Potential applications of quantum simulators
are numerous [18]: they would allow one to tackle open questions from condensed matter
physics such as the study of quantum phase transitions [35] and quantum magnetism [36].
They would also find application in the simulation of complex lattice gauge theories in high-
energy physics [37], as well as in the field of quantum chemistry [38], or possibly even in
modeling quantum effects in biological systems [39].

So far, a variety of different physical systems has been proposed and developed in the
laboratory as quantum simulators. One prominent example is cold atoms, which can be loaded
into optical lattices [15], periodic potential landscapes formed by standing waves of laser fields
in three dimensions. The resulting atomic dynamics are then described by Hubbard-type
lattice models [40], where the particles can coherently tunnel between neighboring lattice
sites and experience local interactions if they occupy the same lattice site. The power of this
approach – that is, of using cold atoms for the experimental study of such lattice models from
the context of strongly correlated systems in condensed matter physics – originates from the
fact that one has a microscopic understanding of the underlying engineered Hamiltonian and
the possibility to vary the Hamiltonian parameters over a wide range by tuning externally
applied fields [13]. In addition, one can extract desired information of interest like order
parameters and correlation functions efficiently by various detection methods like time-of-
flight or interference experiments and direct imaging techniques. Very recently, two groups
have successfully built a quantum gas microscope, which allows them to optically resolve
individual lattice sites and detect individual atoms with single-atom sensitivity [41, 42]. In
optical lattice experiments, by tuning the intensity of the laser beams forming the lattice
potential, the tunneling amplitude of atoms between neighboring lattice sites can be varied,
while Feshbach resonances can be used to control the interaction strengths of atoms occupying
the same lattice site. In addition, the lattice geometry can be varied, and by working with
lattices which are particularly deep in one or two spatial dimensions, dynamics of effectively
one- or two-dimensional systems can be studied. The flexibility of this system has allowed
researchers to observe the quantum phase transition from a superfluid to a Mott-insulator
phase for cold bosonic atoms [14]. More generally, the versatile set of tools available to control
and tune such systems provides prospects to study open questions which have their origin
in condensed matter physics [43]. Similar quantum simulation ideas and control scenarios as
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outlined for cold atoms in optical lattices have been developed for different physical systems
[18], including nuclear magnetic resonance, trapped ions, polar molecules, photons and solid-
state systems.

The common feature of this simulation approach is to realize and control the Hamiltonian
of interest directly. In these “analog” quantum simulators, the evolution of the system to
be simulated is mapped one-to-one onto the evolution of the quantum simulator. These
specifically engineered systems can be regarded as special-purpose quantum simulators, as
they microscopically realize particular classes of models: For instance, bosonic or fermionic
Hubbard type Hamiltonians can be implemented naturally with cold atoms moving optical
lattices, whereas spin models can be simulated by appropriately designed effective (long-
range) spin-spin interactions using, e.g., trapped ions [44] or polar molecules [45].

An alternative approach is known as a “digital” quantum simulator [46]. Here, the state of
the quantum system is encoded in a register of qubits. The time evolution is then not realized
directly by engineering a particular Hamiltonian, but instead by decomposing the unitary
time evolution into a quantum circuit of elementary quantum gates. It has been shown that
a small set of universal gate operations is sufficient to approximate the general time evolution
of any finite-dimensional quantum system with quasi-local interactions efficiently. As this
quantum simulation paradigm exploits the capabilities of a quantum computer, working on
the basis of a universal set of single- and two-qubit gates, digital quantum simulation can be
regarded as one application of a yet-to-be-built quantum computer. In contrast to carrying
out quantum algorithms like Shor’s prime factorization algorithm, which requires a quantum
computer with millions of qubits to outperform a classical computer, the threshold for a
“useful” quantum simulator is much lower. In fact, a quantum simulator, either analog or
digital, with more than 40 qubits would already be sufficient to access the complex quantum
physics of spin models, which is beyond current classical computing capabilities. Therefore,
quantum simulation is expected to be one of the first practical applications of future small-
scale quantum computers.

The main advantage of a digital quantum simulator over its analog counterpart is its
universality. In particular the digital, gate-based simulation approach allows one to realize
dynamics of models with higher-order interactions like three- or four-body interaction terms.
Such interactions arise naturally in different contexts, including condensed matter systems
[47], the simulation of fermionic systems with qubits [48]. They also appear in spin models
of interest in topological quantum computing [49] such as Kitaev’s toric code Hamiltonian
[50], and in quantum error correcting codes [51]. Higher-order interactions are typically
difficult to achieve by analog engineering approaches [52–54], as they usually arise as small,
perturbative corrections to dominant single-body terms and two-body interactions [55]. In
a digital quantum simulation scheme, they can be realized independently from lower-order
interaction terms, and their strength is ultimately only limited by the speed of the underlying
gate operations. To obtain reliable answers to open questions of many-body physics by using
quantum simulators, it is essential to validate the performance of the simulation devices
quantitatively and to obtain control over the different sources of errors. In this respect, the
digital quantum simulation approach has the advantage over analog simulation techniques
that strict bounds are known for errors that arise from the implementation of the exact time
evolution by approximate sequences of operations (Trotter expansion techniques) [56–58] and
that these errors can be reduced to a desired level. In addition, in a digital quantum simulator
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gate errors due to experimental imperfections can be controlled and corrected by employing
error correction protocols developed in the context of universal quantum computation.

The use of quantum simulators is not restricted to emulating the behavior of closed
quantum systems, which are decoupled from their surrounding environment and whose time
evolution is described by a system Hamiltonian. Instead, controlling and simulating the more
general dynamics of an open quantum system amounts to engineering the Hamiltonian that
governs the internal system dynamics as well as tailoring the coupling of the system to its
environment. The coupling to the environment results typically in decoherence and dissipative
dynamics [59], e.g., spontaneous emission of an electronically excited atom due to the coupling
to the vacuum modes of the radiation field. Decay and dephasing processes easily destroy
fragile quantum correlations such as coherences and entanglement and are thus detrimental
to most quantum information and simulation applications. Significant effort is therefore
devoted to shielding the systems to the highest possible degree from their environment, and
in addition to performing the quantum operations of interest like quantum algorithms on
time-scales that are shorter than the corresponding decoherence times.

The concept of a closed, i.e., perfectly isolated quantum system is an idealization, as
every quantum system is unavoidably coupled to its surrounding environment to a certain
extent. Although the resulting open-system dynamics in a many-body or multi-qubit system
are typically associated with decoherence, the ability to control and engineer the coupling of a
quantum system to an environment can also be harnessed as a useful resource. We emphasize
that this does not imply that the uncontrolled and usually detrimental coupling to the envi-
ronment can be neglected; it still has to be kept at a minimal level. The design of a tailored
system-environment coupling generalizes the well-developed field of Hamiltonian engineering
to open systems. It poses, in general, higher demands with regard to experimental control.
The idea of using dissipation in driven systems in a controlled way has been used successfully
for many years, for instance, for laser cooling of atoms and ions or for optical pumping, and
these techniques from quantum optics and atomic physics have recently been also adapted
to nano-mechanical devices. Whereas here the dissipative mechanisms typically act on single
degrees of freedom, it is desirable to extend these concepts to a many-body context. Being
able to control both coherent and and dissipative dynamics in many-body systems is not only
of fundamental interest, as this describes the most general time evolution of a many-particle
quantum system [19], but also has fascinating practical implications: The ability to engineer
multi-particle dissipative processes can, for example, be used for the dissipative preparation
and manipulation of entangled quantum states and complex many-body quantum phases
[60–64]. Recently, a novel quantum computing scheme solely based on dissipation has been
proposed [65], and quantum information storage devices where appropriately designed dissi-
pation is used to protect the stored quantum information from destructive external influences
are currently developed [66]. First experimental steps in this direction have been taken in
a remarkable experiment, where engineered dissipation was used to generate entanglement
between two atomic ensembles [67].

While a large body of theoretical work has been devoted to the analysis of the required
resources and efficiency of the simulation of closed and open quantum systems [57, 58, 68,
69] and to the development of various control scenarios, the gap between many of these
appealing theoretical concepts and today’s experiments is still rather large. Here, one of the
central challenges for the experimental realization of these ideas and for a general, scalable
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quantum simulator for open many-body systems is to identify physical candidate systems
and to develop practical and realistic implementation schemes that combine the physical
properties and available experimental tools and resources in an optimal way. Two promising
physical systems are Rydberg atoms [25], with controllable strong and long-range interactions,
and trapped ions [70], which constitute a many-particle quantum system which has reached
an unprecedented level of experimental control. As a large part of the work presented in this
thesis is related to exploring the potential of Rydberg atoms and trapped ions for quantum
information and simulation, we provide in the next sections a short introduction to basic
properties and a brief overview of recent developments for these systems.

Rydberg Atoms as Controllable Quantum Systems

Rydberg atoms with high principal quantum numbers n are atoms with extraordinary single-
particle and interaction properties [71]. Alkali Rydberg atoms are composite objects of a
single, highly excited valence electron and a core region formed by the closed electronic shells
and the nucleus. They are mesoscopic objects with an extension of their electronic wave
function on a micrometer scale, and are therefore extremely sensitive to external fields. In
contrast to low-lying electronically excited states with short radiative lifetimes of typically a
few tens of nanoseconds, Rydberg atoms, in particular in high-angular momentum states [72],
can have lifetimes of several tens of milliseconds. Alkali atoms exhibit a generic electronic level
structure of high-lying Rydberg states that bears strong similarities with hydrogen. In the
field-free case these Rydberg states possess manifolds of degenerate angular momentum states
belonging to different principal quantum numbers, with the low-angular-momentum states
energetically well separated and split from these manifolds. These energetically isolated, low
angular-momentum states can be laser-excited via few-photon transitions from the electronic
ground state.

Rydberg atoms came into the focus as a candidate system for quantum information pro-
cessing in 2000, when it was suggested that they could be used for the realization of fast
quantum gates [26]. The key property of interest for the use of Rydberg atoms for quantum
information processing is based on the fact that they possess strong interactions over dis-
tances of several micrometers, which can be orders of magnitude larger than van-der-Waals
interactions between ground-state atoms at a comparable distance. In addition, the inter-
actions are state-dependent and can be turned on and off, as compared to even stronger,
but always present Coulomb interactions between ions. In the absence of external electric
fields, the interactions can be of short-range van-der-Waals type or more long-range reso-
nant Förster interactions. External static and time-dependent electrical fields can be used to
induce interactions and tune their strength and angular dependence.

The strong interactions give rise to the dipole or Rydberg blockade effect, which is the
central mechanism for most applications: the presence of a single Rydberg atom can strongly
suppress the laserexcitation of not only one but a large number of further atoms from the
ground to a Rydberg state in its surrounding volume. This inhibition is rooted in the strong
Rydberg-Rydberg interaction energy, which effectively shifts the Rydberg levels of neighbor-
ing atoms out of resonance with the laser driving the ground-to-Rydberg transitions. This
blockade effect can be used to implement two-qubit gates between neutral atoms. Here,
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quantum information is typically encoded in long-lived hyperfine ground states, whereas the
Rydberg states are only intermediately populated for the duration of entangling gate opera-
tions.

In recent years, the original idea of Rydberg blockade has led to a large number of pub-
lications in which it has been further developed and experimentally explored. On the side
of quantum information processing, a generalization of the two-atom protocols to encoding
quantum information in atomic ensembles has been suggested [73], and later alternative pro-
tocols for the generation of many-particle entanglement have been developed [74]. Other
recent ideas and experiments with Rydberg atoms include the development of deterministic
single-photon sources [75] and the exploration of novel non-linear optical effects and electro-
magnetically induced transparency in dense ensembles of Rydberg atoms [76].

From the many-body perspective, ensembles of interacting Rydberg atoms have triggered
a variety of theoretical studies and experiments: These include the analysis of the laser
excitation dynamics from electronic ground to Rydberg states in atomic ensembles, which
is to a very good approximation a coherent process on experimental timescales [77], where
the comparatively slow motion of the atoms can be regarded as frozen, and radiative decay
from the Rydberg states is negligible. A strong suppression of the number of Rydberg-
excited atoms, as predicted from theoretical and numerical work [78, 79], as well as signatures
of collectively enhanced excitation Rabi frequencies and excitation dynamics [80] according
to universal scaling relations have been observed [81]. Based on the possibility to map
the excitation dynamics under certain conditions to a pseudo-spin representation, strong
connections to interacting spin models and statistical mechanics have been established [82,
83]. In this context, it has been predicted that strong and long-range interactions between
Rydberg atoms can give rise to formation of non-classical crystal structures [84, 85] that
could also be used for the creation of complex photonic states [86].

Very recently, two experimental groups have successfully demonstrated the Rydberg block-
ade for two atoms [87, 88], creation of two-particle entanglement via the Rydberg blockade [10]
and the realization of a two-qubit Rydberg entangling gate [11] with a pair of atoms trapped in
optical tweezers. The achieved fidelities in these milestone experiments are mainly attributed
to technical issues like atom loss and limited laser stability, so that further quantitative im-
provements can be expected in the next few years. This remarkable experimental progress
and the demonstration of the first two-qubit gates motivates us to think about novel possibil-
ities for quantum information processing with Rydberg atoms. One of the future challenges
is to develop novel robust Rydberg-based protocols for efficient single-step creation of many-
particle entanglement, in particular under optimal exploitation of experimentally available
resources.

In Chapter 2 in Part II of this thesis, we propose and analyze a parallelized C-NOT gate
that allows one to create multi-particle entanglement in a mesoscopic ensemble of atoms in
a single step, with high fidelities and on a microsecond time scale. Such protocols are of
importance and might constitute a valuable building block for the creation and manipulation
of entanglement between atoms stored in arrays of optical traps, for which very recently
near-deterministic loading of a single atom per trap has been reported [89].

Another very promising route is to combine Rydberg physics with optical lattice setups
or optical tweezer arrays: Here, the idea is to use quantum registers of atoms, stored either
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in large-spacing optical lattices [Weiss], or in standard optical lattices, for which optical
addressability of single lattice sites has now been achieved in the laboratory [Greiner, Bloch].
By starting from a Mott insulator state with a filling of a single atom per lattice site, and
where the motion of atoms between different lattice sites is frozen out, optical lattice setups
directly benefit from near-perfect loading and initialization of a quantum register. Adding
strong and long-range Rydberg interactions, for which the Rydberg blockade can easily cover
regions involving several lattice sites, seems to be ideally suited for the deterministic creation
and manipulation of multi-particle entanglement.

In Chapter 3 of Part II of this thesis, we develop a quantum simulation architecture based
on Rydberg atoms stored in optical or magnetic lattices. This architecture exploits multi-
qubit entangling Rydberg gates involving auxiliary atoms and optical pumping to mediate
coherent and dissipative n-body interactions as required for the simulation of exotic spin
Hamiltonians of interest, e.g., in the context of topological quantum computing and memories.

Quantum Information Processing with Trapped Ions

Trapped ions are one of the most promising candidate systems for building a quantum com-
puter. Today, they are among the quantum systems with the most advanced toolbox for
preparation, manipulation and readout of quantum states. Ion-trap quantum computing
started in 1995, when Cirac and Zoller proposed [23] that trapped ions could be used as a
physical system for the implementation of the – up to that moment purely abstract – idea
of quantum computation [90]. In an ion-trap quantum computer, quantum information is
physically encoded in long-lived (meta)stable electronic (e.g., hyperfine) states of the ions and
manipulated and read out by means of focused laser beams. The qubit register is formed by
a string of ions in a linear Paul trap with typical interparticle distances of a few micrometers,
allowing for individual addressing of ions by focused laser beams. Qubit initialization by
optical pumping into a particular internal state and quantum state readout via fluorescence
detection can be achieved with near-unity efficiency. For the implementation of universal
quantum computation, single-qubit gate operations are realized by Rabi oscillations between
the qubit levels driven by resonant laser pulses as well as by off-resonant AC-Stark shift pulses
for the implementation of phase gates. The set of single-qubit rotations is complemented by
two- or multi-qubit entangling gate operations, which are realized using common vibrational
modes of the ion string as a quantum data bus. As outlined in the original proposal [23],
the electronic states encoding the qubits can be coupled to the ionic motion by appropriately
chosen laser pulses on sideband transitions.

Within a year’s time after the theoretical proposal, the basic elements of an entangling
two-qubit gate were demonstrated in the laboratory using a single ion [91], followed by a
demonstration of the complete C-NOT protocol [92]. In the last 15 years, enormous progress
has been made in the development of prototypes of ion-trap quantum computers. This
includes the theoretical development [93–95] and experimental implementation [96–99] of
further two- and multi-qubit entangling gate operations. These developments have enabled
the creation of two-and many-qubit entanglement, which is both of fundamental interest and
a resource for applications. On the fundamental side, entangled states have been used for tests
of quantum mechanics and the study of states belonging to different classes of entanglement
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such as W states and Greeneberger-Horne-Zeilinger (GHZ)-type states [100, 101]. Entangled
states also constitute an important resource, e.g., for metrology or quantum error correction
protocols. To date, long-lived entanglement of ions for up to 34 seconds [102, 103] and
entanglement of up to fourteen ions [104] have been reported. Several important quantum
algorithms have been carried out with trapped ions, including the Deutsch-Josza algorithm
[105], deterministic teleportation of quantum states [106, 107], quantum error correction [108]
and entanglement purification protocols.

In the context of quantum simulation, different proposals for ground state ions have been
developed [23, 44, 109] (see [110] for a recent comprehensive overview). Trapped ions are
particularly well suited for the study of interacting spin models, where internal electronic
states can be used to encode effective spin degrees of freedom and spin-spin interactions
can be engineered and tuned by state-dependent external fields. An early experiment in
2002 demonstrated how a single trapped ion could be employed to efficiently simulate the
dynamics of a spin-1/2 particle in an arbitrary external potential [111]. Recently, in a series of
remarkable experiments, small-scale quantum simulators have been realized. These enabled
the simulation of relativistic dynamics of single quantum particles in an external potential
[112–114] and experimental studies of the physics of a few interacting Ising spins [115] under
frustration [116].

For quantum information processing and simulation with trapped ions, several future di-
rections and challenges can be formulated. The currently employed coherent gate operations
have already reached an impressive level of accuracy (better than 99% for a two-qubit entan-
gling gate [99]), which is already close to the threshold for fault-tolerant quantum computing.
Complementary to the optimization of these existing and highly successful protocols, it is still
worthwhile to explore novel gate and simulation protocols for several reasons. So far, entan-
gling operations and Hamiltonian engineering schemes are based on direct or virtual coupling
to common vibrational modes of the ion strings. They are thereby in general limited in their
strength and respective speed by the vibrational frequencies of the ion strings, typically being
in the MHz range. One way to overcome this limitation and obtain faster gate operations
is to use geometric “fast” gates based on short and intense laser pulses [95]. An alternative
route might be to use strings of ions that are laser-excited to Rydberg states. Here, strong
and long-range Rydberg interactions might be harnessed to entangle ions on potentially much
faster timescales than the external motion. Due to the shorter ground-to-Rydberg transition
wavelength, laserexcitation of ions to Rydberg states is experimentally more challenging than
for neutral atoms and requires either the use of a multi-photon excitation process or an ultra-
short wavelength laser source. Despite these challenges, trapped Rydberg ions could inherit
the advantageous properties from Rydberg physics, like tunable strong and long-range inter-
actions, and could at the same time benefit from the well-developed experimental toolbox
for ions, in particular single-ion addressability, initialization and readout techniques. In Part
I of this thesis, we investigate the properties of a chain of Rydberg ions trapped in a linear
Paul trap and explore the potential of this system for the realization of quantum gates and
analog quantum simulation of spin-chain Hamiltonians.

Much effort is currently devoted by several research groups to achieve scalable ion-trap
quantum-information-processing architectures. Although ion traps are in principle scalable,
practical complications arise for larger ion strings stored in a single linear trap due to the
increased mass and the increasingly more complicated vibrational mode structure. Besides
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the developments of new trap geometries [117–120] and shuttling of ions between different
zones of ion traps [121], the use of strong and long-range Rydberg interactions might be of
interest for circumventing the mode structure problem or potentially also as a connection
element to create entanglement between ions stored in different traps.

Complementary to the encouraging progress in the development of the first analog quan-
tum simulators with ions, it is timely to also enter the field of digital quantum simulation.
Although it is in principle clear that any universal gate set allows one to realize the simula-
tion efficiently, for an implementation with current ion-trap technology, adapted schemes are
required, which are matched to and optimally exploit the experimentally available resources,
such as parallel multi-qubit entangling Mølmer-Sørensen gate operations. Here, the highly
parallel multi-ion gates provide an ideal starting point to develop simulation proposals for the
realization of exotic models such as Kitaev’s toric code Hamiltonian and related spin models
of interest in the context of topological quantum computing and memories. The ongoing de-
velopment of two-dimensional ion-trap arrays promises to provide scalable implementations
of such spin-model simulators in the future.

Motivated by the recent experimentally demonstrated high-fidelity multi-ion gates for up
to fourteen ions, in Part III of this thesis we theoretically and experimentally investigate the
prospects of trapped ions for digital simulation of open quantum systems.

Overview

This thesis consists of three parts that contain work on trapped Rydberg ions, neutral Ryd-
berg atoms and ground state ions. It contains seven reprints of articles that are published or
accepted for publication in peer-reviewed journals, and one manuscript that is still in prepa-
ration. In addition, the thesis contains some complementary, unpublished results on two of
the projects. At the beginning of each article the author’s contribution is briefly summarized.

Part I contains a theoretical study of a chain of Rydberg ions trapped in a linear Paul
trap. In this work, we investigate the behavior of Rydberg ions as composite objects in
the presence of the electric fields forming the trap. In addition, we explore the potential
of using strong Rydberg-Rydberg interactions and external microwave dressing fields for the
realization of two-qubit gates, as well as for quantum simulation of spin-chain Hamiltonians.
The results of this work have been published in the article

• M. Müller, L. Liang, I. Lesanovsky and P. Zoller
Trapped Rydberg Ions: From Spin Chains to Fast Quantum Gates,
New Journal of Physics 10, 093009 (2008)

Part II of this thesis contains work on quantum-information processing and simulation
with Rydberg atoms. We first describe a theoretical proposal and analysis of a novel meso-
scopic Rydberg gate that allows one to entangle a small ensemble of neutral atoms with high
fidelity and on a microsecond timescale. Based on this parallelized Rydberg gate as a cen-
tral building block, we then develop a Rydberg quantum simulator for spin models involving
coherent and dissipative n-body interactions. The results of these two projects are published
as
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• M. Müller, I. Lesanovsky, H. Weimer, H. P. Büchler, and P. Zoller
Mesoscopic Rydberg Gate based on Electromagnetically Induced Transparency,
Physical Review Letters 102, 170502 (2009)

and

• H. Weimer, M. Müller, I. Lesanovsky, P. Zoller and H.-P. Büchler
A Rydberg Quantum Simulator,
Nature Physics 6, 382 (2010)

Part III contains work on digital quantum simulation with trapped ground-state ions.
We present a theory proposal and experimental results on the simulation of open quantum
systems with trapped ions. In collaboration with the group of Prof. R. Blatt in Innsbruck,
we have realized a proof-of-principle experiment with up to five ions, which demonstrates all
essential building blocks of an open-system quantum simulator. In the experiment, we have
realized pumping into a Bell state and the dissipative preparation of a four-qubit GHZ state.
Besides the dissipative operations, we have implemented coherent four-spin interactions and a
quantum-non-demolition measurement of a four-qubit stabilizer operator. The experimental
results and the theoretical background are summarized in

• J. T. Barreiro, M. Müller, P. Schindler, D. Nigg, T. Monz, M. Chwalla, M. Hennrich,
C. F. Roos, P. Zoller and R. Blatt
An Open-System Quantum Simulator with Trapped Ions,
accepted for publication as an article in Nature

and

• M. Müller, K. Hammerer, Y. Zhou, C. F. Roos and P. Zoller
Open-System Quantum Simulation with Trapped Ions,
In preparation. To be submitted to New Journal of Physics

In the appendix of this thesis three reprints of published papers are added. They contain
work related to the topics of Rydberg-mediated coherent charge transfer between ions in a
Penning trap (Appendix A), thermalization dynamics in a strongly interacting lattice gas of
Rydberg atoms (Appendix B) and the development of an efficient quantum repeater based
on deterministic Rydberg gates (Appendix C).

The thesis concludes with acknowledgments and a curriculum vitae.
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We study the dynamics of Rydberg ions trapped in a linear Paul trap, and discuss the
properties of ionic Rydberg states in the presence of the static and time-dependent electric
fields constituting the trap. The interactions in a system of many ions are investigated
and coupled equations of the internal electronic states and the external oscillator modes
of a linear ion chain are derived. We show that strong dipole-dipole interactions among
the ions can be achieved by microwave dressing fields. Using low-angular momentum
states with large quantum defect the internal dynamics can be mapped onto an effective
spin model of a pair of dressed Rydberg states that describes the dynamics of Rydberg
excitations in the ion crystal. We demonstrate that excitation transfer through the ion
chain can be achieved on a nanosecond timescale and discuss the implementation of a
fast two-qubit gate in the ion chain.

1.1 Introduction

Rydberg states correspond to the infinite series of excited bound states in a Coulomb potential
with large principal quantum number n. In view of their “macroscopic” size, aRy ∼ n2a0

with a0 the atomic Bohr radius, Rydberg states have remarkable properties, as reflected,
for example, in their response to external static and time dependent electric and magnetic
fields [9]. While the single particle physics of Rydberg atoms has been the subject of intensive
studies in the context of laser spectroscopy, recent interest has focused on exploiting the large
and long-range interactions between laser excited Rydberg atoms to manipulate the many-
body properties of cold atomic ensembles. Examples include recent seminal experiments on

†The author of the present thesis performed the main part of the work presented in this publication. In
particular, he developed the microwave and laser-dressing schemes for the quantum simulation of spin-chain
Hamiltonians with interacting Rydberg ions.
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Figure 1.1. Typical length scales in a chain of cold Rydberg ions in a linear Paul trap.
The external trapping frequency is in the order of MHz with a corresponding oscillator
length xho of approximately 10 nm. The interparticle spacing ζ, set by the equilibrium
between the Coulomb forces among the ions and the external confinement, is typically
about 5 µm. The third length scale is the size of the Rydberg orbit aRy. Due to the
scaling proportional to the square of the principal quantum number n it can assume
values in the order of 100 nm and therefore become significantly larger than xho. In
this regime the Rydberg ion cannot be considered as a point particle but rather as a
composite object, and its internal structure must be taken into account.

frozen Rydberg gases obtained by laser excitation from cold atomic gases, demonstrating in
particular a dipole-blockade mechanism [3, 3, 6, 9, 12, 17], which in sufficiently dense gases
prevents the excitation of ground state atoms in the vicinity of a Rydberg atom, and proposals
for fast two-qubit quantum gates between pairs of atoms in optical lattices [4]. Furthermore,
Rydberg atoms have been proposed to serve as model systems for studying coherent transport
of excitations [9] - a mechanism which is of great importance for coherent energy transfer in
biological systems, e.g. in light-harvesting complexes [10, 11]. While these investigations have
so far concentrated on neutral atoms, we are interested below in describing the properties of
laser excited Rydberg ions stored in a Paul trap, in particular the interplay between trapping
fields and Rydberg excitations, and the associated many-body interactions in a chain of cold
trapped Rydberg ions.

Atomic ions can be stored in static and radio frequency (RF) electric quadrupole fields
constituting a Paul trap [6], where for sufficiently low temperature they form a Wigner crystal
[13–16]. Using laser cooling the ions can be prepared in the vibrational ground states of the
phonon modes of the crystal. Internal electronic states of the ions can be manipulated with
laser light and entangled via the collective phonon modes. Here we consider a situation where
ions initially prepared in their electronic ground state are excited with laser light to high lying
Rydberg states. In contrast to ions in low lying electronic states, a Rydberg ion in a Paul
trap must be understood as a composite object, where the Rydberg electron is bound by the
Coulomb force to the doubly charged ion core, but both the Rydberg electron and the ion
core move in the electric fields constituting the trapping potentials. This is reminiscent to
the situation in which Rydberg atoms are confined by very tight magnetic traps [18, 19]. We
are particularly interested in the parameter regime where the size of the Rydberg orbit aRy is
larger than the localization length of the doubly charged ion core xho around its equilibrium
position, but still much smaller than the average distance ζ between the ions in the Wigner
crystal, i.e. xho < aRy � ζ (see figure 1.1). Our goal is to provide a description of the
interaction and quantum dynamics of such a 1D string of Rydberg ions in a linear ion trap.

In comparison to neutral Rydberg atoms, a number of features and differences emerges
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for Rydberg ions in a Paul trap, which will be illuminated in the present work. First of
all, the character of a Rydberg ion as a composite object gives rise to an intrinsic coupling
of electronic and external motion in the presence of the electric trapping fields. This will
be shown to result in renormalized trapping frequencies for Rydberg ions compared to their
ground state counterparts. Furthermore, the interaction among ions is not - as in the neutral
case - governed by the dipole-dipole force alone but also by the charge-charge, dipole-charge
and charge-quadrupole interaction. The interplay of this rich variety of interactions among
the ions and the external trapping fields will be analyzed.

In our study we focus on ionic Rydberg states with low angular momentum quantum
number and correspondingly large quantum defect, and large fine structure splitting, as these
states can be most simply described and most easily excited by laser light from electronic
ground states. For typical ion trap parameters [6] static dipolar and van-der-Waals interac-
tion among ions in these Rydberg states is shown to be small compared to the energy scale
set by the external trapping frequencies of the ions. Thus, in order to establish substan-
tially stronger interactions, we employ additional microwave (MW) fields driving transitions
between Rydberg states. This leads to large oscillating dipole moments, which result in re-
markably strong controllable dipole-dipole interactions between the ions. Our findings show
that for strong interactions the internal and external dynamics of the ion chain approximately
decouple such that a “frozen” Rydberg gas is formed. In this limit the Hamiltonian describ-
ing the electronic dynamics can be formulated in an effective spin-1/2 representation and
involves resonant and off-resonant dipole-dipole interaction terms with coupling strengths
of the order of several hundred MHz. Based on this effective spin model we demonstrate
resonant excitation transfer on a nanosecond timescale from one end to the other of the ion
chain. Moreover, we show that a two-qubit conditional phase gate between adjacent ions,
based on the dipole-dipole interaction, can be realized on a time scale, which is much shorter
than both the external dynamics and the radiative lifetime of the involved Rydberg states.

The paper is organized as follows: In section 1.2 we derive the Hamiltonian of the coupled
internal and external dynamics of a single Rydberg ion in a linear Paul trap. We analyze
the effects of the trapping fields onto the electronic properties of an ion excited to a Rydberg
state, introduce MW-dressed Rydberg states and study the coupled electronic and external
equations of motion within a Born-Oppenheimer approach. In section 1.3 we turn to the
analysis of several trapped Rydberg ions, discuss the variety of interactions among the ions
and derive the effective spin-1/2 Hamiltonian for the electronic dynamics in the ion chain.
Finally we illustrate the quantum dynamics of the system by studying resonant excitation
transfer and present the fast two-qubit gate scheme.

1.2 Single Trapped Rydberg Ions as a Composite Object

1.2.1 Single Rydberg Ion in a Linear Paul Trap

A combination of static and time-dependent electric fields can be employed to confine charged
particles in a restricted region of space. The electric potential of a quadrupole field of a
standard Paul trap can be written in the form

ΦT (r, t) = α cos (ωt)
[
x2 − y2

]
− β

[
x2 + y2 − 2z2

]
, (1.1)
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where ω is the radio frequency (RF) drive frequency. The electric field gradients α and β
are determined by the actual geometry of the experimental setup. In present experiments,
typical parameters are α ∼ 109 V/m2, β ∼ 107 V/m2 and ω = 2π × 10...100 MHz (for details
see e.g. [6]).

We are interested in the properties of Rydberg ions of alkali earth metals [20] in an electric
quadrupole trap. They possess a single valence electron with the remaining electrons forming
closed shells [9]. For the description of such system one can employ an effective two-body
approach in which the ion is modeled by a two-fold positively charged core (mass M , position
rc) and the valence electron (mass m, position re). The corresponding interaction (model-
)potential depends only on the relative coordinate rc−re and also on the angular momentum
state of the atom. The latter dependence accounts for the quantum defect - a lowering in
the energy for low angular momentum states in which the valence electron probes the inner
electronic shells. High angular momentum states (typically with angular momentum quantum
number l > 5) do not exhibit a significant quantum defect since here the valence electron is
located far away from the ionic core thus experiencing a bare Coulomb potential.

We now formulate the Hamiltonian of a single Rydberg ion in the presence of the electric
potential of the Paul trap. We add a linear potential, corresponding to a time-dependent
homogeneous electric field, Φl(r) = f(t) · r, such that the combined electric potential reads
Φ(r, t) = ΦT (r, t) + Φl(r, t). Below, we will employ these additional MW fields to electroni-
cally couple different Rydberg states. This will allow us to generate large oscillating dipole
moments, which give rise to strong dipole-dipole interactions among dressed Rydberg ions.

Writing the interaction potential between the valence electron and the atomic core as
V (|re − rc|) and taking into account the coupling of the individual charges to the electric
potentials we find

Hlab =
p2
c

2M
+

p2
e

2m
+ V (|re − rc|) + 2eΦ(rc, t)− eΦ(re, t) +HFS. (1.2)

The termHFS accounts for the spin-orbit coupling giving rise to the fine-structure of electronic
levels. Its effect will be discussed in the following subsection.

We introduce center of mass (CM) R = (X,Y, Z) and relative coordinates r = (x, y, z)
according to

rc = R− m

M +m
r , re = R +

M

M +m
r. (1.3)

Exploiting that the nuclear mass is much larger than the electronic one and hence M � m
we have rc ≈ R and re ≈ R + r. Within this approximation the Hamiltonian becomes

H =
P2

2M
+

p2

2m
+ V (|r|) + 2eΦ(R, t)− eΦ(R + r, t) +HFS (1.4)

=
P2

2M
+

p2

2m
+ V (|r|)

+e

[
Φ(R, t)− ∂Φ(R, t)

∂R
· r− 1

2

∑
kl

xk
∂2Φ(R, t)

∂Xk∂Xl
xl

]
+HFS.

Corrections to this Hamiltonian scale with m/M which is typically about 10−5.
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In case of ions in low lying electronic states the potential (1.1) provides static confinement
along the longitudinal (z-)direction. However, transversally at no instant of time a confining
potential is present. One rather finds a periodically oscillating potential saddle centered at
the origin of the coordinate system. Due to the rapid periodic change of the confining and
non-confining direction, however, the ions experience a ponderomotive potential that can
provide transversal confinement [21]. In order to make this manifest we transform into a
frame which oscillates at the RF frequency ω in the CM coordinate system. This is achieved
by the unitary transformation

U = U(R, t) = exp
(
−i eα

~ω
[
X2 − Y 2

]
sin(ωt)

)
. (1.5)

By applying this transformation to Hamiltonian (1.5) one obtains

H ′ = UHU † + i~
∂U

∂t
U † = HCM +Hel +HCM−el +Hmm (1.6)

with

HCM =
P2

2M
+

1

2
Mω2

zZ
2 +

1

2
Mω2

ρ

(
X2 + Y 2

)
(1.7)

Hel =
p2

2m
+ V (|r|)− eΦ(r, t) +HFS (1.8)

HCM−el = −2e [α cos(ωt) (Xx− Y y)− β (Xx+ Y y − 2Zz)] (1.9)

Hmm = − 2eα

Mω
sin(ωt) (XPx − Y Py)

− e
2α2

Mω2
(X2 + Y 2) cos(2ωt) + ef(t) ·R. (1.10)

Here HCM provides harmonic axial and transversal confinement of the CM motion with the

corresponding trap frequencies ωz = 2
√

eβ
M and ωρ =

√
2
√(

eα
Mω

)2 − eβ
M , which are of the

order of a few MHz and satisfy ωρ � ωz. For Ca+ ions, an RF frequency ω = 2π × 15 MHz
and the gradient parameters α = 109 V/m2 and β = 107 V/m2 the axial and radial trap
frequencies evaluate to ωz = 2π × 1.56 MHz and ωρ = 2π × 5.64 MHz, respectively.

The termHel contains all dependencies on the electronic coordinates describing the motion
of an electron in the field of a doubly charged ionic core which is superimposed by the electric
potential Φ(r, t). The electronic dynamics takes place on a much faster time scale compared
to the CM motion in the trap. The external electric field prevents, unlike in the field-free
case, the separation of the CM and relative dynamics. The coupling between these motions
is accounted for by HCM−el. Due to the large separation of time scales of electronic and
external dynamics we will treat this coupling within an Born-Oppenheimer approach below.

Finally, we have the term Hmm which gives rise to the micromotion causing a coupling
between the static oscillator levels of HCM. It can be shown [21] that for large enough values
of the RF frequency ω this coupling can be neglected and the external motion of the ions
can be considered as if it was taking place in a static harmonic potential. The effect of the
additional micromotion term ef(t) · R arising from the MW dressing fields can likewise be
neglected in the following, since typical MW frequencies are of the order of at least one GHz
and therefore far from being resonant with the external trapping frequency of the ions.



28 Publication: Trapped Rydberg Ions: Spin Chains and Fast Quantum Gates

With the full Hamiltonian (1.6) for the internal and external dynamics and the coupling
among them at hand, we are now in the position to analyze the electronic properties of a
trapped Rydberg ion and the mutual interplay of internal and external dynamics. This will
be addressed in the next two subsections.

1.2.2 Electronic Properties

We proceed by inspecting the electronic Hamiltonian Hel in (1.8),

Hel =
p2

2m
+ V (|r|) +HFS +Hef (1.11)

with the electric trapping and MW dressing fields contained in

Hef = −eΦ(r, t) = Hstat +Hosc +HMW

= e β
[
x2 + y2 − 2z2

]
− e α cos (ωt)

[
x2 − y2

]
− e f(t) · r. (1.12)

In the absence of electric fields the ionic Rydberg states can be classified by the princi-
pal quantum number n, the angular momentum quantum number l, the total angular mo-
mentum j and its magnetic quantum number m. The quantum states are represented by
|n, l, j,m〉 = |n, l〉 |j,m〉a which factors in the radial part |n, l〉 and the angular momentum
part |j,m〉a. The latter is constituted by a linear combination of products of the Spherical
Harmonics and spin orbitals. The corresponding energies of the Rydberg levels are given by
the well-known formula En l j = −4ERyd/(n − δ(l))2 + EFS(n, l, j) where ERyd = 13.6 eV is
the Rydberg constant and δ(l) the quantum defect [9, 20]. The energy EFS(n, l, j) accounts
for the finestructure splitting due to HFS. The typical Rydberg level structure (without
finestructure) is sketched in figure 1.2a for the case of Ca+.

In this paper we focus on states with large quantum defect, i.e. s and p states. This is
motivated by the fact that these states are most easily accessible via laser excitations from the
electronic ground states, and that they are energetically far separated from the degenerate
manifold of states of higher angular momentum states. Generically, the energy separation
4El,l+1 between these states scales as n−3 for large n. In case of Ca+ the energy separation
between the s and the p level is 4Es,p/~ ∼ 280 GHz for n = 60.

Let us now inspect the effect of the electron field interaction Hef contained in the electronic
Hamiltonian (1.12). We assume that the finestructure splitting of the p state is sufficiently
large such that neither the oscillating nor the static part of Hef cause significant coupling
between the states |n, p, 1/2,m〉 and |n, p, 3/2,m〉 and j remains a good quantum number.
Since the finestructure splitting scales proportional to n−3 and becomes larger with increas-
ing atomic mass the validity of this assumption can be ensured by either choosing not too
high principal quantum numbers or by employing heavy ions. Moreover, we can neglect the
coupling between the s and p states which is justified by their typical energy splitting of
several 100 GHz. Considering first the static part Hstat of (1.12) we find that it gives rise to
the following quadrupole shifts which depend on j and m:

4Es = 0 (1.13)

4Epj|m| =
2

15
eβ
〈
n, p | r2 | n, p

〉 [
2|m| − j − 9

2

]
. (1.14)
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Figure 1.2. a: Sketch of the Rydberg level structure of the Ca+ ion in the field free
case without finestructure. States with l > 5 do not exhibit a quantum defect and are
located in a degenerate manifold of states. States with low angular momentum are split
away from this manifold. The corresponding quantum defects are provided (taken from
[20]). b: Levels of the s and p manifold in the presence of the electric potential Φ(r, t).
Its static components lead to a first order shift (quadrupole shift) of the energy levels
according to (1.13) and (1.14). In general the electronic energy is lowered with respect
to the field-free value (sketched by the solid gray lines). The shifted levels are coupled
by the microwave Hamiltonian HMW (blue, solid lines) and the oscillating components
of the trapping field (red, dashed lines). We consider the limit of large finestructure
splitting in which the coupling between the states |n, p, 1/2,m〉 and |n, p, 3/2,m〉 (thin
dashed lines), which is caused by Hosc, can be neglected.

Here
〈
n, l | r2 | n, l

〉
denotes the radial matrix element of r2 calculated using the radial eigen-

functions that belong to the atomic interaction potential V (|r|). The total energy of the
electronic states is hence given by Enljm = Enlj + 4Elj|m|. The quadrupole shifts with
respect to the unperturbed energy of the p states are sketched in figure 1.2b.

Let us now turn to the oscillating part of the electric field which is accounted for by
the term Hosc in the Hamiltonian (1.12). Since the oscillation frequency ω is typically
2π × 10...100 MHz, it is not sufficient to yield a resonant coupling between the s and the
p states or between the fine structure components of the p manifold. However, by estimating
|
〈
n, p | r2 | n, p

〉
| ≈ a2

0n
4, where a0 is Bohr’s radius, we find that 〈Hosc〉 ≈ e α a2

0n
4 cos(ω t)

and hence, although no resonant coupling is present, the strong modulation amplitude, which
grows proportional to the fourth power of the principal quantum number n, might give rise to
significant level shifts. From the symmetry properties of Hosc one concludes that only levels
whose magnetic quantum number m differs by 2 are coupled. These couplings are indicated
in figure 1.2b by the red, dashed arrows. Since we assume that the finestructure splitting
is much larger than | 〈Hosc〉 |max the j = 1/2 states are unaffected by Hosc. By contrast
strong effects are to be expected in the j = 3/2 manifold. However, in what follows we will
exclusively work with the Rydberg states |n, s〉 ≡ |n, s, 1/2,m〉 and |n, p〉 ≡ |n, p, 1/2,m〉 (see
figure 1.2).

For too strong electric field gradients and too strong microwave dressing fields unwanted
transitions from the |ns, 〉, |n, p〉 states of interest to other Rydberg states might take place,
and there is also the danger of ionizing the ion due to the static and time-dependent terms
in the Hamiltonian (1.12). In 1.6 we show that up to principal quantum numbers around
n = 50 for typical trapping fields [6] and the MW dressing field strengths we consider in this
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Figure 1.3. Microwave dressing of ionic Rydberg states. A linearly polarized bichro-
matic microwave field is used to couple one s with two p levels one of which is far
detuned. After an adiabatic elimination of the latter one obtains an effective two-level
system. This dressing is used to tailor the interaction between Rydberg ions.

work, these effects are negligible.

Finally, the term HMW in (1.12), which accounts for the additional MW dressing fields,
is to be discussed. This will be subject of the following subsection.

1.2.3 Microwave Dressing of Rydberg Levels

In this section we describe how MW dressing fields can be employed to generate strong
interactions in an ion chain. As will be shown in section 1.3.1 Rydberg ions aligned in a
Wigner crystal in the Paul trap do not exhibit permanent dipole moments, and residual
Van-der-Waals interactions are small. Thus, our aim is to generate strong interactions using
(near-)resonant MW dressing fields to couple electronic s and p Rydberg states as indicated
in figure 1.2b. We show in the following that the MW dressing gives rise to large oscillating
dipole moments, which in turn lead to strong dipole-dipole interaction between Rydberg ions.

The energy separation between s and p Rydberg states belonging to the same principal
quantum number and thus as well the typical frequencies of the MW dressing fields are
typically in the order of a few hundred GHz (cf. section 1.2.2). Since the trapping frequencies
determining the external motion of the ions are in the MHz range (cf. section 1.2.1), coupling
to the external motion is negligible and the MW fields exclusively affect the electronic degrees
of freedom. Ideas similar to the MW dressing scheme described below were applied in the
context of cold polar molecules, where a combination of static electric and MW fields was
used in order to tune intermolecular two- and three-body interactions [11].

In our setup we apply a linearly polarized MW such that non-zero transition dipole
matrix elements occur between the states |n, s〉 and |n′, p〉. For our purposes we choose a
bichromatic microwave-field of the form f(t) = E1 ez cosω1t + E2 ez cosω2t such that the
coupling Hamiltonian reads

HMW = −dz [E1 cosω1t+ E2 cosω2t] (1.15)

where dz = e z is the operator of the dipole moment. We consider three levels (one s level
and two p levels) which are coupled by HMW as depicted in figure 1.3. The frequencies ω1
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and ω2 bridge the energy separations E|n,s〉 − E|n′,p〉 and E|n,p〉 − E|n,s〉, respectively, and
are assumed to differ significantly. This can be achieved by choosing not too close values of
n and n′. In the rotating frame and after performing the rotating wave approximation the
electronic Hamiltonian of a single ion reads

H3levels = ~41|n′, p〉〈n′, p| − ~42|n, p〉〈n, p|
+

1

2

[(
~Ω1|n, s〉〈n′, p|+ ~Ω2|n, p〉〈n, s|

)
+ h.c.

]
. (1.16)

Here we have introduced the microwave detunings 41 = ω1 − (E|n,s〉 − E|n′,p〉)/~ and 42 =
ω2 − (E|n,p〉 −E|n,s〉)/~ and the Rabi frequencies Ω1,2 = −d1,2E1,2/3 which involve the radial
dipole matrix elements d1 = e〈n, s|r|n′, p〉 and d2 = e〈n, s|r|n, p〉. We assume that the MW
field with frequency ω1 is far-detuned and only weakly couples the states |n′, p〉 and |n, s〉.
Furthermore it is assumed that |∆1| � |Ω2|, |∆2|. Under the condition Ω1 � |∆1| we can
adiabatically eliminate the |n′, p〉 state and obtain an effective two-level system consisting of
the |n, p〉 state and a dressed state (see also figure 1.3)

|s′〉 = |n, s〉 − Ω1

2∆1
|n′, p〉 (1.17)

with η = Ω1/(2∆1), η � 1. This effective two-level system can be mapped onto a spin-1/2
particle by identifying the states |s′〉 and |n, p〉 as eigenstates of the spin operator Sz with
positive (negative) eigenvalue. The Hamiltonian (1.16) then reduces to

H0 =
~
2

(
∆′2 Ω2

Ω2 −∆′2

)
≡ hS (1.18)

with an effective magnetic field h = (Ω2, 0,∆
′
2), detuning ∆′2 = 42 −Ω2

1/(441) and the spin
operator S = (Sx, Sy, Sz).

Due to the weak admixture of the state |n′, p〉 the dressed state |s′〉 obtains an oscillating
dipole moment. The matrix representation of the dipole operator dz in the set of states |s′〉,
|n, p〉 is given by

dz =
1

3

( −Ω1
∆1
d1 cosω1t d2e

−iω2t

d2e
iω2t 0

)
. (1.19)

Using the abbreviation D1,2 = (d1,2/3)2 one obtains the following representation of the dipole
moment operator:

dz = −η
√
D1 cos(ω1t)(1 + 2Sz) + 2

√
D2(cos(ω2t)Sx + sin(ω2t)Sy). (1.20)

The magnitude of the induced dipole moments is determined by the transition dipole ma-
trix elements d1,2 which can be roughly estimated as d1,2 ∼ ea0n

2. Thus the dipole-dipole
interaction energy scales ∼ n4 for large n. This is to be compared with the radiative life
time of Rydberg states, which for large n and low l scales according to ∼ n3 [9], thereby
favoring larger values of n. We return to the question of radiative decay and the validity of
our analysis in section 1.3.2, where we will use the representation (1.20) of the dipole moment
operator to derive an effective spin chain Hamiltonian describing the dynamics of Rydberg
excitations in the ion chain.



32 Publication: Trapped Rydberg Ions: Spin Chains and Fast Quantum Gates

1.2.4 Coupling Between Internal and External Dynamics

In this section we will analyze the effects of the coupling of internal and external degrees
of freedom described by HCM−el in the Hamiltonian (1.6). We treat these coupling terms
using a Born-Oppenheimer approach, which is reasonable since the electronic dynamics takes
place on a much faster time scale than the external motion of the ions. In this framework
we treat the CM coordinates as parameters while diagonalizing the electronic Hamiltonian.
We evaluate the energy of the |n, s〉-level by second order perturbation theory considering
only the coupling to the next |n, p〉-level. After averaging over one RF cycle one obtains the
energy correction

ε(X,Y, Z) = E|n,s〉 +
1

2
Mω′z

2
Z2 +

1

2
Mω′ρ

2
(X2 + Y 2) (1.21)

with

ω′z
2

= − 32

3M

e2β2

4Es,p
|〈n, s | r | n, p〉|2 , (1.22)

ω′ρ
2

= − 2

3M

e2(α2 + 2β2)

4Es,p
|〈n, s | r | n, p〉|2 , (1.23)

and the energy difference 4Es,p = E|n,p〉−E|n,s〉. Hence, ions excited to Rydberg states expe-
rience modified transversal and longitudinal trap frequencies in comparison to their ground
state counterparts. For the s state under consideration the trap becomes shallower and

the new trap frequencies are given by ω̃ρ,z = ωρ,z
√

1 + (ω′ρ,z/ωρ,z)
2 ≈ ωρ,z + ω′2ρ,z/(2ωρ,z) =

ωρ,z + δωρ,z, yielding

δωz
ωz

=
4

3
eβ
|〈n, s | r | n, p〉r|2

4Es,p
, (1.24)

δωρ
ωρ

=
1

6

α2 + 2β2

α2/(Mω2)− β/e
|〈n, s | r | n, p〉r|2

4Es,p
. (1.25)

By estimating |〈n, s | r | n, p〉| ∼ a0n
2 one finds that the frequency shift δωρ,z scales pro-

portional to n7. For typical trap parameters, i.e. α � β, the modification of the axial
trap frequency is much smaller than the corresponding one for the radial frequency. For
n = 50 and the parameters presented in section 1.2.2 we find (δωρ)/ωρ = 3.5 × 10−2 and
(δωz)/ωz = 7.4 × 10−4. Below we are interested in the regime where these modifications of
the trapping frequencies are negligible. We remark, though, that due to the scaling ∼ n7

they can become significant even for moderately larger principle quantum numbers. These
shifts of the external trapping frequencies might serve as an experimental signature of the
successful preparation of single-ion Rydberg states. 1

1.3 Interacting Trapped Rydberg Ions

We now turn to the discussion of the interaction between several ions. First, we analyze the
various types of emerging interactions between Rydberg ions, and discuss the interplay of

1They could e.g. be measured by a spin-echo technique, which has been recently demonstrated in a two-ion
experiment on non-linear coupling of vibrational modes [23].
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Figure 1.4. Interacting Rydberg ions. The net charge of the ions leads, apart from
the common Coulomb repulsion, to a charge-dipole and a charge-quadrupole interaction
both of which are absent in systems of neutral Rydberg atoms.

interionic interactions and the effect of the external trapping fields. Then we proceed with
the discussion of interacting Rydberg ions dressed by MW fields and derive the corresponding
effective spin-1/2 Hamiltonian describing the Rydberg excitation dynamics in the ion chain.
The role of the two effective spin states of each ion will be played by two Rydberg states, as
outlined in section 1.2.3 and illustrated in figure 1.3.

We illustrate the effective spin dynamics by studying the process of resonant excitation
transfer in a chain of ten ions. Furthermore, we suggest a scheme, which allows to observe
the effective spin dynamics in dressed ground state ions. We finally show how the trapped
Rydberg ion system can be exploited in the context of quantum information processing and
discuss an implementation of a two-qubit conditional phase gate.

1.3.1 Static Interactions between Trapped Rydberg Ions

We consider the interaction between ions i and j with coordinates given by (Ri, ri) and
(Rj , rj) as depicted in figure 1.4. The Coulomb interaction V (ri, rj ,Ri,Rj) between the
charges belonging to different ions can be written as

V (Ri,Rj , ri, rj)

e2/(4πε0)
=

4

|Ri −Rj |
− 2

|Ri − (Rj + rj)|

− 2

|(Ri + ri)−Rj |
+

1

|(Ri + ri)− (Rj + rj)|
. (1.26)

We assume that |Ri−Rj | � |ri/j | which is very well fulfilled, since - as discussed above - we
are interested in the parameter regime where the average interparticle distance ζ in the ion
trap is much larger than the extension of the electronic wave function aRy of the Rydberg
ions. Performing a multipole expansion up to second order in the small parameter (aRy/ζ)
and abbreviating |Ri −Rj | = |Rij | = Rij and nij = (Ri −Rj)/Rij we obtain the following
form for the Rydberg ion-Rydberg ion interaction potential:

V (Ri,Rj , ri, rj)

e2/(4πε0)
=

1

Rij
+

(Ri −Rj)(ri − rj)

R3
ij

+
r2
i − 3(nij · ri)2 + r2

j − 3(nij · rj)2

2R3
ij

+
ri · rj − 3(nij · ri)(nij · rj)

R3
ij

. (1.27)
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The first term accounts for the Coulomb interaction between two singly charged ions and is
independent of the degree of electronic excitation. In case of Rydberg ions the displacement
of the electronic charge from the ionic core leads to the exhibition of a dipole moment which
interacts with the charge of the other ion. This dipole-charge interaction gives rise to the
second term. The third term accounts for the charge-quadrupole interaction. These three
terms are absent in the case of interacting neutral Rydberg atoms. The last term is the
well-known dipole-dipole interaction, which is also present in neutral systems.

For N ions stored in a Paul trap, at sufficiently low temperature and tight radial trapping,
ωρ � ωz, the ions form a one-dimensional Wigner crystal with equilibrium positions along
the Z-axis [15, 16], which are determined by the interplay between the Coulomb repulsion
among the ions and the external confinement by the trapping fields. In 1.7 we show that

after a harmonic expansion of the Hamiltonian around the equilibrium positions Z
(0)
i (given

by (1.47)) the full Hamiltonian of N interacting ions can be written as

Hions = Hph +
N∑
i

Hel,i +Hint−ext +Hdd. (1.28)

The first term

Hph =
∑

α=x,y,z

N∑
n

~ωα,na†α,naα,n (1.29)

describes the external oscillation dynamics of the ionic cores with a†α,n and aα,n being the
respective creation and annihilation operators of the normal modes (cf. (1.49)-(1.52)). The
second term determines the electronic level structure of the ions: the charge-quadrupole term
gives rise to a position dependent variation of the electric field experienced by the trapped
ions, which can be absorbed in the single particle ion-field interaction Hef given by (1.12).
Thus, the electronic Hamiltonian of the i-th ion takes the form

Hel,i =
p2
i

2m
+ V (|ri|) + e β′i

[
x2
i + y2

i − 2z2
i

]
− e α cos (ωt)

[
x2
i − y2

i

]
−e f(t) · ri (1.30)

with position dependent gradient

β′i = β +
e

8πε0

N∑
j(6=i)

1

|Z(0)
i − Z

(0)
j |3

= β + δβi. (1.31)

The third term Hint−ext in (1.28) accounts for the coupling of the internal and external
dynamics, which is partly due to the dipole-charge interaction and partly due to the inho-
mogeneous electric field of the Paul trap (see (1.56)). The resulting coupling between the
internal and external dynamics becomes also position dependent and thus leads to a state-
dependent variation of the trapping frequency (see section 1.2.4). However, since we work
in a regime where these shifts are negligible already in the single-ion case they can also be
neglected in the case of many ions.
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Finally we have the dipole-dipole interaction in (1.28), which after the harmonic expansion
is given by

Hdd =
1

2

e2

4πε0

N∑
i 6=j

ri · rj − 3zizj

|Z(0)
i − Z

(0)
j |3

. (1.32)

The discussion of the individual terms contained in Hamiltonian (1.28) proceeds in analogy
to the one presented for the single ion case. The electronic dynamics of each ion is governed by
Hel,i in (1.28) and is therefore dependent on the equilibrium positions of the ions. This gives
rise to position dependent electronic energies, i.e. Enljm → Enljm,i according to (1.12)-(1.14)
with the ion-dependent gradients of (1.31).

We remark that even ions located at the edges of the ion chain experience the same electric
field as an ion in the center of the trap. This is due to the fact that the electric field of the
Paul trap is compensated by the field created by the ions themselves. Therefore, the ions
do not exhibit permanent dipole moments and each ion can be considered to be located in
a center of a local electric quadrupole field. This is the reason why the electronic properties
of the system of trapped ions are virtually unaffected by the actual number of particles at
hand.

The term of interest to create strong interactions among the ions is the dipole-dipole
interaction. In the parameter regime where the interparticle distance ζ is much larger than the
extension of the electronic wave function aRy of a Rydberg ion, the dipole-dipole interaction
can be treated perturbatively. For the considered s and p states the expected interaction
energy can be estimated by EvdW ∼ e4| 〈n, s | r | n, p〉 |4/((4πε0)2|4Es,p|ζ6). For Ca+, n = 50
and ζ = 5µm one finds EvdW ∼ ~×200 kHz. In the next subsection we demonstrate that the
MW fields introduced in section 1.2.3 in order to manipulate the electronic level structure
can give rise to much stronger interactions among the ions.

1.3.2 Interaction Between MW-Dressed Rydberg Ions

To study the interaction between MW-dressed Rydberg ions we first transform the N -ion
Hamiltonian (1.28) to a frame of reference, which rotates at the microwave frequencies ω1

and ω2 of the dressing fields (in analogy to the single-ion transformation in section 1.2.3).
In the rotating frame, the terms in Hint−ext oscillate rapidly at the frequencies ω1 and ω2

and ω1 − ω2. Hence, in the rotating-wave approximation the internal and external dynamics
decouple (cf. discussion in section 1.2.1).

We use the dressed ion Hamiltonian (1.18) and the expression (1.19) for the electronic
dipole moment in order to represent the Hamiltonian Hint =

∑N
i Hel,i + Hdd which is part

of the full Hamiltonian (1.28). The terms Hel,i are substituted by the two-dimensional rep-
resentation given by (1.18). In this representation we can write the dipole-dipole interaction
as

Hdd = − 1

4πε0

N∑
i 6=j

d
(i)
z d

(j)
z

|Z(0)
i − Z

(0)
j |3

(1.33)
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where d
(i)
z is given by (1.19) with the index i labeling the respective ion. In the rotating wave

approximation we obtain

Hint =

N∑
i

h(i)S(i) +D1

N∑
i,j(6=i)

νij

[
1

4
η2
i + ηiηjS

(i)
z

]
(1.34)

+

N∑
i,j(6=i)

νij

[
D2

(
S(i)
x S(j)

x + S(i)
y S(j)

y

)
+ ηiηjD1S

(i)
z S(j)

z

]
,

with νij = −2/(4πε0|Z(0)
i − Z

(0)
j |3) and an effective magnetic field h(i) = ~(Ω2, 0,∆

(i)
2 ). The

coefficients D1,2 and ηi characterize the coupling strengths and depend on the transition
matrix elements between the involved Rydberg states and the MW dressing. As depicted in
figure 1.3 the effective spin corresponds to a two-level system constituted by two MW-dressed
Rydberg states (see section 1.2.3 for details).

The terms linear in the spin operators represent a coupling of a series of spins to an
inhomogeneous effective magnetic field whose strength and direction are determined by the
position dependent electronic energies of the Hamiltonian (1.30). The terms in the second
line of (1.34) (quadratic in the spin operators) represent a ferromagnetic Heisenberg chain
with 1/r3 exchange-type interaction [24]. Establishing the connection to neutral Rydberg

gases the S
(i)
x S

(j)
x and S

(i)
y S

(j)
y can be interpreted as resonant dipole-dipole interaction terms.

The term which is proportional to S
(i)
z S

(j)
z resembles the interaction of two static dipoles.

In general, the coefficients ηi = Ω
(i)
1 /(2∆

(i)
1 ) depend on the ion index, since different energy

shifts of the |n′, p〉 level due to position-dependent charge-quadrupole terms (cf. (1.30) and

(1.31)) lead to different detunings ∆
(i)
1 for different ions (see figures 1.5). In case one does

not admix the |n′, p〉 state to |n, s〉 (i.e. Ω1 = 0 in (1.16)), the coefficients ηi vanish and the
interaction Hamiltonian solely describes resonant dipole-dipole interaction in the presence
of an effective magnetic field with a constant component in x and a position-dependent
component in z-direction.

In section 1.2.4 we have shown that the trapping frequencies for ions excited to Rydberg
states can slightly differ from the ones of their ground state counterparts. In 1.5 we show
that this residual coupling leads to entanglement of the effective spin dynamics with the
external motion of the ions. This results predominantly in dephasing in the effective spin
dynamics, which limits the time scale of validity of Hamiltonian (1.34). We find that for
typical parameters the dephasing time is of the same order or larger than the radiative lifetime
of the Rydberg states. Thus, the limiting factor for the quality of a quantum simulation of
the effective spin dynamics of (1.34) and the fidelity of the two-qubit gate proposed in section
1.3.5 is set by the radiative decay of the involved Rydberg states (see also discussion below).

The dipole-dipole interaction can in principle lead to transitions to Rydberg pair-states
which lie outside the manifold spanned by direct products of the states |n, s〉, |n, p〉. In this
case one would have to include more than the two above-mentioned single-ion Rydberg states
in order to describe the electronic degrees of freedom of an ion. However, one can always find
a scenario (by choosing an appropriate principle quantum number) in which these pair states
are sufficiently far detuned, i.e. much larger than the dipole-dipole coupling. In this case
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Figure 1.5. a: Schematic level scheme of the three MW-coupled Rydberg levels,
for a chain of 5 ions. The individual, position-dependent energy shifts of the l = 1
states give rise to an inhomogeneous distribution of MW detunings (not true to scale).
b: Schematic spin dynamics of a chain with the initial configuration: first ion in the
|n, p〉 state, all other ions in the |s′〉 state (blue filled circles). After a certain time the
Rydberg excitation has travelled to the right end of the chain (red open circles). A
numerical example for this excitation transfer is shown in figure 1.6.

unwanted transitions are strongly suppressed over the time scale of interest and the effective
spin 1/2 description applies.

The physical realization of effective spin dynamics, as provided by the Hamiltonian (1.34),
has been of significant interest in atomic physics during the last few years as “analog quantum
simulators” of (mesoscopic) condensed matter systems. The distinguishing feature of the
present setup is the large coupling strength between effective spins, which scales proportional
to n4 and is of the order ~ × 500 MHz (n ≈ 50, typical interparticle spacing ζ ≈ 5µm).
The characteristic time scale of the effective spin dynamics is thus of the order of a few
nanoseconds. This is significantly shorter than the typical decoherence time in the system,
which is set by the radiative lifetimes of the involved Rydberg states, which scale as n3 and
are typically of the order of µs (for Ca+ ions and n = 50 the lifetime is ∼ 10µs [20]).

Realization of effective spin models has also been proposed in the context of trapped ions
in their electronic ground state, and with cold atoms and polar molecules in optical lattices.
For trapped ions involving electronic ground states models analogous to (1.34) can be derived
where the typical coupling strengths for the effective spin-spin interactions are in the range
of tens of kHz [16] with (long) decoherence times as described in the context of ion trap
quantum computing [25, 26]. Effective Heisenberg models with nearest neighbor interactions
are also obtained with cold atoms in optical lattices [27, 28], where the time scales of exchange
interactions can be of the order of a few hundred Hz [29, 30]. We note that these energy scales
are also directly related to the temperature requirements for the preparation of an effective
zero temperature ensemble. Finally, effective spin models, such as the Kitaev model [31], have
been proposed with polar molecules in optical lattices [32–34]. In this context electric dipole
moments of a few Debye can be induced by external DC and microwave electric fields in the
rotational manifold of molecules prepared in their electronic and vibrational ground state.
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Figure 1.6. Transport of an excitation through a chain of ten ions. The ion at site 1
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the time evolution of the expectation values 〈S(1)
z 〉 and 〈S(10)

z 〉.

The electric dipole-dipole interactions, which are strong and long range in comparison with
neutral atom collisional interactions, can lead to effective offsite-coupling strengths of the
order of tens or hundred kHz, limited mainly by the conditions imposed by optical trapping,
while coherence times are of the order of seconds, as determined e.g. by spontaneous emission
in off-resonant light fields forming the trapping potential.

A second feature of simulating spin dynamics according to Hamiltonians of the type (1.34)
is the single ion addressability and read out [35] which the present setup inherits from the
experimental developments in ion trap quantum computing. In contrast, neutral atoms and
molecules in optical molecules ususally allow global addressing by laser light, even though
a significant effort is devoted at the moment to develop these tools also for optical lattice
setups [36, 37]. Note, however, that neutral atoms and molecules in optical lattices will
typically allow for systems with a significantly larger number of “spins” than in the ion case.
In contrast, ion chains with their smaller number of constituents allow for implementing and
studying mesoscopic versions of quantum many-body models [38].

One of the experimentally most challenging aspects of realizing a Rydberg ion chain is
the requirement of π-pulses to transfer ions from the ground state to the Rydberg state. In
section 1.3.4 we discuss a version of an effective spin chain where the Rydberg dipoles are
admixed to the electronic ground states with an off-resonant laser process, resulting in ground
state ions with effective oscillating dipole moments.

1.3.3 Resonant Excitation Transfer

In recent years, great interest has been devoted to quantum spin chains as described by the
Hamiltonian (1.34) as candidate systems for the implementation of quantum channels for
short distance quantum communication [39]. Here, a certain quantum state is placed on one
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spin of the chain and dynamically transferred to a distant spin of the chain within a certain
time and with some fidelity (for an overview over quantum communication via spin chains,
see e.g. [40] and references therein). It has also been suggested to use (disordered) spin chains
for the purpose of quantum computation [41, 42]. A large variety of physical systems (see
e.g. [43] for further references) has been proposed as realizations of quantum spin chains,
reaching from Josephson junctions with charge and flux qubits over quantum dots, NMR
qubits, optical lattices to coupled arrays of cavities.

In view of practical implementations of such quantum channels it has been studied in
particular how the fidelity of the quantum state transfer is affected by static and time-
dependent inhomogeneities and disorder both in the spin couplings and the local magnetic
fields applied to the individual spins [44–49], and how even single defects may drastically
alter the transport properties through the chain [50].

As an illustration of the spin dynamics contained in Hamiltonian (1.34), which exhibits
inhomogeneities both in the exchange couplings and the effective magnetic field, we study the
transfer of an excitation from one side of a chain of ten ions to the other end. For simplicity
we choose a scenario in which ηi = 0 (Ω1 = 0 in (1.16)). As discussed in the previous
subsection in this case the interaction reduces to purely resonant dipole-dipole interaction.
The ion-dependent coefficient of the dipole-dipole interaction can be written as

νij = − 2

4πε0|Z(0)
i − Z

(0)
j |3

= −2Mω2
z

e2

1

|ui − uj |3
(1.35)

where the ui are the equilibrium positions in dimensionless coordinates, ui = Z
(0)
i /ζ with

ζ =
[
e2/(4πε0Mω2

z)
]1/3

(see [15]). The scale of the interaction energy is then given by

J = −2Mω2
z

e2
D2. We choose the MW frequency ω2 such that it is on resonance with the

energy gap between the levels |n, s〉 and |n, p〉 determined by the gradient (1.31) with δβi = 0.
Following (1.14), the position dependent change of the gradient δβi gives rise to a position
dependent variation of the detuning which reads

42,i = −4

5
e δβi

〈
n, p | r2 | n, p

〉
= −2

5
Mω2

z

〈
n, p | r2 | n, p

〉 N∑
j 6=i

1

|ui − uj |3
= Bz

N∑
j 6=i

1

|ui − uj |3
. (1.36)

This situation is depicted in figure 1.5. The effective magnetic field Bz and the coupling con-
stant J do not scale independently since both D2/e

2 and the matrix element
〈
n, p | r2 | n, p

〉
are of the order of a2

0n
4. The precise value depends on the ionic species. For our simulations

we use the parameters Bz = 0.65 J and ~Ω2 = 0.01 J . Initially the system is prepared by a
series of π-laser pulses in such a way that the first ion (k = 1) is in the state |↑〉 = |n, s〉 while
all others are in the state |↓〉 = |n, p〉. This state is sketched in figure 1.5b by the solid circles.
The temporal evolution under the Hamiltonian (1.34) leads to a transfer of the excitation
from the first ion to the last ion in the chain (open circles in figure 1.5b). The corresponding
numerical data is shown in figure 1.6 where we monitor the time evolution of the expectation

value 〈S(i)
z 〉 in a chain of 10 ions. The excitation transfer from the first to the tenth ion

takes place in a time t = 1.8~/J with an efficiency of 89 %. Since J can be in the order
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Figure 1.7. MW dressing of ground state ions. Two lasers with Rabi frequencies Ωs,
Ωp and detunings ∆s, ∆p weakly couple two electronic ground states |g1〉, |g2〉 to the
Rydberg levels |n, s〉 and |n, p〉, respectively. Thus ions residing in the electronic ground
states are dressed and obtain time-dependent oscillating dipole moments.

of ~ × 500 MHz this resonant excitation transfer can therefore be achieved in about 3.6 ns
which is much less than the lifetime of ionic Rydberg states. The final state of the effective
spin chain could be measured by first transferring the ions from the |n, s〉 and |n, p〉 states to
two internal (meta-)stable states, and by subsequently applying standard fluorescence state
tomography techniques [35].

1.3.4 Spin Dynamics in the Electronic Ground States

In view of the short transition wave length of 100...125 nm associated to a transition from an
electronic ground state to a Rydberg level [51], it is experimentally challenging to realize π
laser pulses, which transfer the entire electronic population to the Rydberg levels, as required
for the initialization step of the chain of effective spins. Thus, we outline an alternative
scheme, which does not require the transfer of the full electronic population to Rydberg
states and which is based on an adiabatic admixture of Rydberg levels to two electronic
ground states by near-resonant CW lasers.

We extend the 3-level scheme of section 1.2.3 by including two ground states |g1〉 and
|g2〉, which are coupled by two lasers to the (undressed) Rydberg states |n, s〉 and |n, p〉,
respectively (see figure 1.7). As before, we use the MW dressing fields to couple the set of
bare Rydberg states |n′, p〉, |n, s〉 and |n, p〉. The two CW lasers weakly couple the two ground
states to the resulting dressed Rydberg level structure. Weak coupling requires that the laser
Rabi frequencies are small compared to the MW Rabi frequencies and that the laser fields
are sufficiently far detuned from the three dressed Rydberg states. Due to the laser coupling
the two dressed ground states |g′1〉, |g′2〉 obtain time-dependent oscillating dipole moments,
which finally lead to dipole-dipole interactions between laser-dressed ground state ions. The
dressed ground states now constitute the two-level system of interest (effective spin degree of
freedom) and play the role of the dressed Rydberg levels |s′〉 and |n, p〉 of section 1.2.3.

As shown in 1.8 for a specific set of Rabi frequencies and detunings of the MW and laser
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fields the representation of the dipole operator in this effective two-level system reads

dz =

(
0 cp,1cs,2

√
D2e

−iω2t

cp,1cs,2
√
D2e

iω2t 2cs,2cp′,2
√
D1 cos(ω1t)

)
= cs,2cp′,2

√
D1 cos(ω1t)(1− 2Sz)

+2cp,1cs,2
√
D2(cos(ω2t)Sx + sin(ω2t)Sy) (1.37)

with the factors cα given by (1.63). Thus, the resulting dipole operator as well as the resulting
spin chain Hamiltonian describing the dynamics in the dressed ground states |g′1〉, |g′2〉 have
the same structure as in (1.20) and (1.34), with the difference that the magnitude of the
dipole moments is decreased by the factors cp,1cs,2 and cp′,2cs,2, respectively.

Due to the weak admixture of the Rydberg states the dressed ground states have a finite
lifetime, i.e. the time until a photon of the dressing lasers is scattered. Denoting the lifetime
of the involved Rydberg states by τ = 1/Γ, this scattering rate is approximately given by
Γscat = |cα|2Γ, where cα represents a typical value of the admixture coefficients in (1.63).
For instance, the lifetime of the state |g′1〉 is enhanced by a factor of |cp,1|−2 with respect
to the radiative lifetime of the Rydberg state |n, p〉, since only the fraction |cp,1|2 of the
electronic population resides in the Rydberg state. Moreover, the fraction of the admixed
Rydberg states affects the interaction among the ions. Compared to the bare dipole-dipole
interaction the interaction between the dressed ions is suppressed by a factor ∼ |cα|4 resulting
in an effectively slower spin dynamics. The typical time scale for the spin dynamics, e.g. the
excitation transfer discussed in section 1.3.2, thus increases proportional to |cα|−4. Hence,
comparing the scaling of the interaction strength and the lifetime implies that the adiabatic
admixture of Rydberg states must not be too weak in order to avoid that decoherence due to
spontaneous emission becomes an issue during the temporal evolution of the spin dynamics.

We remark that the outlined scheme for dressed ground state ions also possesses the
advantage that - in contrast to the situation where the ions are excited to Rydberg states -
it does not require a transfer of the electronic population from the Rydberg to (meta-)stable
states before performing the quantum state tomography.

1.3.5 Fast Two-Qubit Quantum Gates with Rydberg Ions

In most two-qubit gate schemes, which have been suggested and implemented so far with
trapped ions (see [52–54] for a few examples), the motional sidebands of the ions have to
be spectroscopically resolved, which limits the achievable gate operation times, typically to
the order of the inverse external trapping frequency. In order to overcome this limitation, it
has been proposed to use specifically shaped trains of off-resonant laser pulses to implement
geometric two-qubit ion gates with much faster gate times [55]. In the context of quantum
information processing with neutral atoms, potentially fast two-qubit gates can be achieved
for pairs of Rydberg atoms in an optical lattice, based on the strong and long-range dipolar
interactions among the atoms [4, 9, 56].

For the system of trapped Rydberg ions we have shown that despite the absence of per-
manent dipole moments MW-dressing fields can be used to generate strong dipole-dipole
interactions between Rydberg ions. We now aim to exploit the electronic interaction Hamil-
tonian (1.34) for the implementation of a fast conditional two-qubit phase gate along the
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Figure 1.8. Level scheme for the implementation of a conditional two-qubit phase
gate. The ground states |g1〉 of the respective ions are coupled via a laser with time-
dependent detuning ∆s(t) and Rabi frequency Ωs(t) to the Rydberg level |n, s〉. A
MW field of constant Rabi frequency Ω2 and ion-dependent detuning ∆2,m couples the
Rydberg levels |n, s〉 and |n, p〉.

lines of the proposals developed for neutral Rydberg atoms. Such gate is characterized by
the truth table |ga〉m|gb〉n → ei(a−2)(b−2)φent |ga〉m|gb〉n with a, b = 1, 2 labeling the two ground
states, and the ion indices m,n. Thus, the two-qubit state |g1〉m|g1〉n obtains a phase shift,
while the other three states are unaffected (up to trivial single qubit phases) [57].

We identify the two ground states |g1〉m and |g2〉m of each ion m as logical qubit states |0〉
and |1〉. The ground state |g1〉 is coupled to the Rydberg state |n, s〉 by a near-resonant laser
with time-dependent effective Rabi frequency Ωs(t) and detuning ∆s(t) = ωs(t) − (E|n,s〉 −
E|g1〉)/~, which can be chosen equal for both ions m and n. The second ground state |g2〉 is not
coupled to any Rydberg state. We again consider the scenario in which only one additional
MW field with Rabi frequency Ω2 and ion-dependent detunings ∆2,m (cf. section 1.3.2) is
applied (see figure 1.8), i.e. Ω1 = 0 and ηm = 0 in (1.34). To perform the gate operation, we
apply laser pulses to the two ions (similarly to the adiabatic gate scheme presented in [4]).
The variation of the laser pulses is assumed to be slow on the time-scale set by Ωs and ∆s such
that the system follows adiabatically the dressed states, which arise from slowly switching
on the laser coupling. This adiabaticity condition guarantees that after applying the laser
pulses the electronic population still completely resides in the initial electronic ground states.
During the application of the laser pulses and the resulting dressing of the electronic ground
states part of the electronic population is transferred from the states |g1〉m and |g1〉n to the
Rydberg states, where the ions interact via the resonant dipole-dipole interaction and thereby
accumulate an entanglement phase, given by

φent(t) =

∫ t

0
dτ(ε|g1〉|g1〉(τ)− ε|g1〉|g2〉(τ)− ε|g2〉|g1〉(τ)) (1.38)

where ε|ga〉m|gb〉n denotes the eigenenergy of the instantaneous eigenstate connected to the
state |ga〉m|gb〉n in the absence of laser pulses. figure 1.9a shows a specific choice for the
pulse profile, the time-dependent energies of the dressed states adiabatically connected to the
different ground states. The resulting accumulated phase shifts are presented in figure 1.9b.
The gate operation time T is approximately two orders of magnitude larger than the inverse

of the maximum Rabi frequency Ω
(0)
s of the applied lasers in order to satisfy the adiabaticity

condition (for the chosen set of parameters T = 100/Ω
(0)
s = 10µs). In order to minimize
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Figure 1.9. Two-qubit conditional phase gate between the first and second ion in a chain
of ten ions. a: Pulse profile: Rabi frequency Ωs(t) and detuning ∆s(t) of the dressing
lasers. The MW Rabi frequency is chosen Ω2 = 57.5 MHz, the ion-dependent MW
detunings are ∆2,1 = −279 MHz, ∆2,2 = −667 MHz. Dipole-dipole interaction energy
scale J/~ = 500 MHz (cf. section 1.3.2). b: Accumulated phase shifts in the dressed
states adiabatically connected to the initial ground states, and resulting entanglement
phase φent(t).

imperfections in the gate operation due to spontaneous scattering of photons of the dressing
lasers (cf. discussion in section 1.3.4), the gate operation has to take place on a time-scale
much faster than the lifetime τ of the involved Rydberg levels, i.e. T � τ . Furthermore, T
has to be shorter than the dephasing time tdeph, which results from the residual coupling of
the electronic dynamics and the external motion (cf. discussion in section 1.3.2 and 1.5). For
sufficiently high laser Rabi frequencies and long-lived Rydberg levels these conditions can be
satisfied.

1.4 Conclusions and Outlook

In this paper we have shown that trapping of Rydberg ions in a linear electric ion trap
under realistic conditions is feasible. We have found that for not too large principal quantum
numbers electronic losses and field ionization of the Rydberg ions due to the trapping fields
are negligible, and that the coupling of electronic and external dynamics of the ions results
in renormalized trapping frequencies for ions excited to Rydberg states. We have suggested
to use MW dressing fields in order to generate strong dipolar interactions among the ions.
The Rydberg excitation dynamics of the MW-dressed ions can be described by an effective
interacting spin-1/2 Hamiltonian. The strong interactions give rise to a typical corresponding
time scale of the order a few ns, which is substantially shorter than the typical decoherence
time set by the radiative decay of Rydberg states. We have studied the dynamical transfer of a
Rydberg excitation through the ion chain and discussed the implementation of fast two-qubit
gates. While the laser excitation of ions to Rydberg states is an experimentally challenging
task, the system offers the prospect of studying coherent many-body quantum dynamics on
fast time scales in a well-controlled and structured environment.

Beyond the present work, trapped Rydberg ions offer a rich playground for further studies
of more involved Rydberg dynamics: Combining e.g. ions of different species or exciting only
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a certain number of the trapped ions to Rydberg states offers the possibility to introduce
further inhomogeneities in the spatial distribution of effective spins and to study in a well-
controlled way spin chain dynamics in the presence of disorder and effective spin vacancies
(cf. discussion in section 1.3.3). The analysis can also be readily extended to study Rydberg
excitation dynamics in two- or three-dimensional ion crystals. The invidual addressability of
trapped Rydberg ions allows for the setup of an excitation trap [9], where an effective spin
excitation propagating along the ion chain is trapped or extracted from the system once it
reaches a dedicated site.

The present work focuses on the parameter regime, where the interparticle distance in the
ion chain is much larger than the extension of the electronic wave function of ions excited to
Rydberg states. Another interesting scenario is the situation where those two length scales
become comparable. If this regime can be achieved, electrons could hop between overlapping
Rydberg orbitals of adjacent ions, which would pave the way towards the realization of
mesoscopic Hubbard-type models in an ion trap.

We thank Klemens Hammerer, Andreas Buchleitner, Hartmut Häffner, Piet Schmidt and
Rainer Blatt for discussions, and in particular Jonathan Home for valuable comments. This
work was supported by the Austrian Science Foundation, the EU under grants CONQUEST,
MRTN-CT-2003-505089, SCALA IST-15714, and the Institute for Quantum Information. L.-
M. Liang acknowledges funding by National Funds of Natural Science (Grant No.10504042).

1.5 Appendix: Residual Entanglement of Internal and Exter-
nal Motion

In this appendix we discuss the influence of the renormalized trapping frequencies (1.24)-
(1.25) on the quality of the effective spin model (1.34) and the quantum gate proposed in
section 1.3.5.

The basic effect of the coupling of internal and external dynamics can be understood by
considering a simple model system. It consists of a driven two-level system (corresponding
to the |n, s〉 and |n, p〉 Rydberg states), which is coupled to a harmonic oscillator mode
(describing the external confinement of the ion) through a state-dependent frequency shift
δω of the oscillator (we assume |δω| � ω):

H =
p2

2m
+
mω2

2
x2 +

~∆

2
σz +

~Ω

2
σx +

~(δω)

x2
ho

x2 ⊗ σz (1.39)

Here xho =
√

~/(mω) is the oscillator length and σx,z are Pauli matrices. Introducing creation
and annihilation operators the Hamiltonian takes the form

H = ~ωa†a+
~∆′

2
σz +

~Ω

2
σx + ~(δω)a†a ⊗ σz +

~(δω)

2

(
a†2 + a2

)
⊗ σz (1.40)

with the renormalized detuning ∆′ = ∆ + (δω). After transforming to an interaction frame
with respect to the free evolution of the oscillator, the Hamiltonian reads

H ′ =
~∆′

2
σz +

~Ω

2
σx + ~(δω)a†a ⊗ σz +

~(δω)

2

(
e−2iωta†2 + e2iωta2

)
⊗ σz. (1.41)
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The rotating terms describe off-resonant couplings between different oscillator levels, which
yield corrections of the order of (δω)2/ω and can be neglected. The dominant perturbation
comes from the term ~(δω)a†a⊗σz, which is diagonal in the basis of oscillator number states
and results in dephasing of the two-level dynamics. The characteristic dephasing time can be
estimated as τdeph ∼ [(δω)〈∆n〉]−1 where 〈∆n〉 denotes the variance in the initial occupation
number distribution of the oscillator mode.

The real physical system under consideration consists of N effective spins encoded in the
two Rydberg states of each ion, while the external motion of the ion string string is described
by 3N oscillator (phonon) modes. In section 1.2.4 we have found that the renormalization
of the radial trapping frequency is approximately two orders of magnitude larger than for
the longitudinal one. This implies that the dephasing of each individual spin 1/2 system
mainly results from the coupling to the two vibrational modes in the X and Y direction.
The dephasing time for a quantum state of N spins obviously strongly depends on the actual
spin state under consideration. A rough estimate yields an expected reduction of at most by
factor of 1/(2N) compared to a single spin coupled to a single oscillator mode: τdeph,N ≈
τdeph/(2N). For a chain of ten ions with sideband-cooled radial modes (see e.g. [58]) and a
relative correction of the radial trapping frequency of 0.1% we find dephasing times τdeph,N=10

of several µs, which is of the same order of magnitude as the radiative life-time of the ions.

1.6 Appendix: Electronic Losses and Ionization

In this appendix we discuss under which conditions unwanted loss of electronic population
from the Rydberg states |n, s〉 and |n, p〉 and ionization effects due to the static and time-
dependent trapping fields and the MW dressing fields contained in Hamiltonian (1.12) are
negligible.

We first analyze the effect of the static term Hstat and consider the potential

V ′ = − 2e2

4πε0r
+ eβ

[
x2 + y2 − 2z2

]
. (1.42)

Here we have approximated the interaction of the ionic core with the valence electron by a pure

Coulomb potential. V ′ possesses two saddle points located at the z-axis at zsad = ±
[

e
4πε0β

]1/3

where it assumes the value V ′sad = −3
2

[
e5β
ε0π2

]1/3
. Solving ERy = V ′sad yields an estimate for

the gradient β at which field ionization would occur classically,

βion =
4

27

e7m3

(4πε0)4~6n6
= 1.44× 1021 V

m2
× 1

n6
. (1.43)

For n = 50, for example, we find βion = 9.2× 1010 V/m2 which is three orders of magnitude
larger than the largest values for the gradient β actually used in experiment [6].

In section 1.2.3 we use the MW dressing fields of (1.12) with Rabi frequencies Ω of the
order of 2π× 10 MHz for driving the |n, s〉 → |n, p〉 transition. The fields might cause
unwanted electronic population transfer from these two states of interest to near-resonant
Rydberg levels with subsequent ionization. For Ca+ it can be seen from the level scheme
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(cf. figure 1.2a) that no accidental qausi-degeneracy of the |n, s〉 → |n, p〉 transition with
transitions to other Rydberg states exists. Thus, single-photon transitions leading out of
the two-level system are far off-resonant 2. Consequently, also multi-photon Raman-type
transitions are strongly suppressed due to the large detuning to any possible intermediate
state. “True” n-photon transitions can be ruled out since we work in the regime where Ω� ω
with ω the MW frequency [9].

It is known that time-dependent electric fields can lead to ionization of Rydberg states at
field strengths far below the threshold expected for a static field of the same strength [59–61].
The underlying mechanism is a series of Landau-Zener transitions between states belonging
to different n-manifolds. In the case of a homogeneous electric field they become significant
around a field strength of (eQ3)/((4πε0)3a2

0n
5), which corresponds to the Inglis-Teller limit

[9] (Q is the core charge). We apply a similar argument for the gradient field Hosc in (1.12).
Estimating the maximal first-order energy shift of the uppermost state of the n-manifold as
eαa2

0n
4/Q2 yields a critical field gradient of the order of

αc ≈
1

2

e

(4πε0)a3
0

× Q4

n7
. (1.44)

For n = 50 and singly charged ions we find αc ∼ 1011V/m2, which is two orders of magnitude
larger than typical experimental values [6].

Due to the strong modulation of the electric gradient field (compare discussion in
section 1.2.2), multi-photon transitions out of the |n, s〉, |n, p〉 states, involving up to ≈
eαa2

0n
4/(~ωRF) photons might occur. For Ca+ and n = 50, the energy separation of about

2π×4 GHz that could be bridged via such multi-photon transitions is still significantly smaller
than the detuning of any transition leading out of the |n, s〉, |n, p〉 states.

In conclusion, for typical trap parameters and the MW field strengths we are interested
in unwanted losses of electronic population for ions excited to the |n, s〉, |n, p〉 states and
ionization due to the static and time-dependent trapping fields and the MW dressing fields
is negligible for principal quantum numbers up to n = 50.

1.7 Appendix: Hamiltonian of N Interacting Rydberg Ions

In this appendix we derive the Hamiltonian for a system of N interacting trapped Rydberg
ions. Using the single ion Hamiltonian (1.6) and introducing a label for the respective ion we
find

HN =

N∑
i

H ′i +
1

2

N∑
i,j(6=i)

V (Ri,Rj , ri, rj). (1.45)

2For Ca+ and n = 50, the transition frequency for the |n, s〉 → |n, p〉 transition of interest is 2π × 84 GHz,
while the other relevant transitions are far off-resonant: 2π× 153 GHz for |n, s〉 → |n− 1, p〉, 2π× 43 GHz for
|n, p〉 → |n− 1, d〉 and 2π × 143 GHz for |n, p〉 → |n+ 1, s〉 (no fine-structure included).
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with V given by (1.26). The external dynamics is governed by the interplay of the harmonic
confinement and the Coulomb force between the ions. The corresponding potential reads

Vext =
1

2
M

N∑
i

[
ω2
zZ

2
i + ω2

ρ(X
2
i + Y 2

i )
]

+
1

2

e2

4πε0

N∑
i,j(6=i)

1

Rij
. (1.46)

Following [16, 17] we perform a harmonic expansion of Vext which puts us into position to
describe the external dynamics in terms of uncoupled harmonic oscillators/phonon modes.

To this end we first calculate the ionic equilibrium positions R
(0)
i . In a linear Paul trap with

tight transversal confining, ωρ � ωz, the ions align along the z-axis of the trap such that

R
(0)
i = (0, 0, Z

(0)
i ) where the Z

(0)
i are determined by (∂Vext/∂Zi) = 0 which leads to the

system of equations

Mω2
zZ

(0)
i =

e2

4πε0

N∑
j(6=i)

Z
(0)
i − Z

(0)
j

|Z(0)
i − Z

(0)
j |3

. (1.47)

With the Z
(0)
i being determined, the harmonic approximation of the potential Vext reads

Vext =
1

2
M

∑
α=x,y,z

N∑
i,j

Kα
ijq

α
i q

α
j (1.48)

with the displacements qxi = Xi, q
y
i = Yi and qzi = Zi − Z(0)

i and the coefficient matrix

Kα
ij =

 ω2
α − cα e2

4πε0M

∑N
k( 6=i)

1

|Z(0)
i −Z

(0)
k |3

for i = j

cα
e2

4πε0M
1

|Z(0)
i −Z

(0)
j |3

for i 6= j

where cx,y = 1, cz = −2. The vibrational dynamics of the 1D-chain is then described by

Hph =
1

2
M

∑
α=x,y,z

N∑
i,j

Kα
ijq

α
i q

α
j +

1

2M

∑
α=x,y,z

N∑
i

(Pαi )2. (1.49)

The Hamiltonian Hph can be brought into diagonal form by introducing phonon modes via
the orthogonal matrices Mα,

qαi =
N∑
n

Mα
i,n√

2Mωα,n/~
(a†α,n + aα,n), (1.50)

Pαk = i

N∑
n

Mα
k,n√

2/(~Mωα,n)
(a†α,n − aα,n), (1.51)

N∑
i,j

Mα
i,nK

α
ijM

α
j,m = ω2

α,nδn,m, (1.52)

which leads to (1.29) for the phonon dynamics.
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We now proceed by expanding the charge-dipole, the charge-quadrupole and the dipole-
dipole interaction around the equilibrium positions of the ions. The charge-quadruple and
the dipole-dipole interaction can be approximated by

Hcq =
1

2

e2

4πε0

N∑
i 6=j

r2
i − 3(nij · ri)2

2R3
ij

' 1

2

e2

4πε0

N∑
i 6=j

r2
i − 3z2

i

2|Z(0)
i − Z

(0)
j |3

(1.53)

Hdd =
1

2

e2

4πε0

N∑
i 6=j

ri · rj − 3(nij · ri)(nij · rj)
R3
ij

' 1

2

e2

4πε0

N∑
i 6=j

ri · rj − 3zizj

|Z(0)
i − Z

(0)
j |3

.

(1.54)

The charge-quadrupole term leads a position dependent variation of the electric field and
can be absorbed in the single particle ion-field interaction Hef which is given by (1.12). The
electronic Hamiltonian of the i-th ion then assumes the form of (1.30) with the ion-dependent
gradient (1.31).

In order to treat the charge-dipole coupling we introduce the compact notation rxi =
xi, R

x
i = Xi, . . . which enables us to write

Hcd =
1

2

e2

4πε0

N∑
i 6=j

(Ri −Rj)(ri − rj)

R3
ij

(1.55)

' 1

2

e2

4πε0

N∑
i 6=j

Z
(0)
i − Z

(0)
j

|Z(0)
i − Z

(0)
j |3

(zi − zj)

+
∑

α=x,y,z

N∑
i,j(6=i)

e2

4πε0

1

|Z(0)
i − Z

(0)
j |3

cα(rαi − rαj )qαi .

It turns out that by making use of the equilibrium condition (1.47) one can combine this
expression with the term

∑
iHCM−el,i that arises from the summation of the single ion terms

of the Hamiltonian (1.6). The combination then includes all couplings between the internal
and external dynamics. It reads

Hint−ext = −2eα cos(ωt)

N∑
i

[qxi xi − qyi yi] +
1

2
M

∑
α=x,y,z

N∑
i,j

Kz
ijcαr

α
j q

α
i . (1.56)

Finally, neglecting the micro-motion, the complete Hamiltonian of N Rydberg ions in the
linear Paul trap is given by (1.29).

1.8 Appendix: Effective Dipole Moment of Laser-Dressed
Ground State Ions

In this appendix we derive the form (1.37) of the dipole operator for laser-dressed ground
state ions. The Hamiltonian for the system of five coupled electronic levels as depicted in



1. Appendix: Effective Dipole Moment of Laser-Dressed Ground State Ions 49

figure (1.7) in the rotating frame defined by the transformation

U(t) = e−iωst|g1〉〈g1|+ ei(ω2−ωp)t|g2〉〈g2|
+e−iω1t|n′, p〉〈n′, p|+ |n, s〉〈n, s|+ eiω2t|n, p〉〈n, p| (1.57)

and in rotating-wave-approximation is given by H5levels = H0 +Hpert,

H0 = ~∆s|g1〉〈g1|+ ~∆p|g2〉〈g2|+ ~∆1|n′, p〉〈n′, p| − ~∆2|n, p〉〈n, p|

+
~
2

(
Ω1|n′, p〉〈n, s|+ Ω2|n, s〉〈n, p|+ h.c.

)
, (1.58)

Hpert =
~
2

(Ωs|g1〉〈n, s|+ Ωp|g2〉〈n, p|+ h.c.) . (1.59)

The MW detunings ∆1,2 and Rabi frequencies Ω1,2 are defined as in section 1.2.3, and the
detunings and Rabi frequencies characterizing the two additional laser fields are given by
∆s = ωs−(E|n,s〉−E|g1〉)/~, ∆p = ωp−(E|n,p〉−E|g2〉)/~−∆2 and Ωs, Ωp. We assume that the
near-resonant MW fields are much stronger than the two lasers such that they determine the
level structure of the dressed Rydberg states. Therefore we treat the coupling to the ground
states as a perturbation Hpert of the system. We now apply a canonical transformation to
the Hamiltonian [62],

e−SH5levels e
S = H0 +Hpert + [H0, S] + [Hpert, S] + . . . (1.60)

Choosing S such that [H0, S] = −Hpert guarantees that to first order in the perturbation
Hpert the transformed Hamiltonian is block-diagonal and that the two ground states become
decoupled from the Rydberg states. The transformation yields two dressed ground states,
|g′1,2〉 ' (1 + S)|g1,2〉,

|g′1〉 = |g1〉+ cp′,1|n′, p〉+ cs,1|n, s〉+ cp,1|n, p〉 (1.61)

|g′2〉 = |g2〉+ cp′,2|n′, p〉+ cs,2|n, s〉+ cp,2|n, p〉 (1.62)

with  cp′,1
cs,1
cp,1

 = γs

 −(∆s + ∆2)Ω1

2(∆1 −∆s)(∆s + ∆2)
(∆1 −∆s)Ω2


 cp′,2

cs,2
cp,2

 = γp

 −Ω1Ω2

2(∆1 −∆p)Ω2

4(∆1 −∆p)∆p + Ω2
1

 (1.63)

where

γs,p =
Ωs,p

(∆s,p + ∆2)[4(∆1 −∆s,p)∆s,p + Ω2
1] + (∆s,p −∆1)Ω2

2

. (1.64)

For the special choice of laser detunings

∆s = −∆2, ∆p =
1

2

(
∆1 −

√
∆2

1 + Ω2
1

)
(1.65)
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we find  cp′,1
cs,1
cp,1

 =

 0
0

−Ωs
Ω2

 ,

 cp′,2
cs,2
cp,2

 =


Ω1Ωp

Ω2

(
∆1+
√

∆2
1+Ω2

1

)
−Ωp

Ω2

0

 .

Thus, for this set of parameters, the Rydberg state |n, p〉 is exclusively admixed to the ground
state |g1〉, while the second ground state obtains a small fraction of the Rydberg states |n′, p〉
and |n, s〉. This implies that the dressed ground state |g′2〉 possesses a non-vanishing dipole
moment, which oscillates at the MW frequency ω1, and that there exists also a transition
dipole matrix element between the two dressed ground states. We now identify the two
dressed ground states |g′1〉, |g′2〉 with the eigenstates of the Sz spin operator along the lines
of section 1.2.3 and obtain the dipole operator (1.37).
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We demonstrate theoretically a parallelized C-NOT gate which allows us to entangle
a mesoscopic ensemble of atoms with a single control atom in a single step, with high
fidelity and on a microsecond time scale. Our scheme relies on the strong and long-ranged
interaction between Rydberg atoms triggering electromagnetically induced transparency.
By this we can robustly implement a conditional transfer of all ensemble atoms between
two logical states, depending on the state of the control atom. We outline a many-
body interferometer which allows a comparison of two many-body quantum states by
performing a measurement of the control atom.

2.1 Introduction

Atoms excited by laser light to high-lying Rydberg states interact via strong and long-range
dipole-dipole or Van der Waals forces [9]. Level shifts associated with these interactions
can be used to block transitions of more than one Rydberg excitation in mesoscopic atomic
ensembles. This “dipole blockade” [2] mechanism underlies the formation of “superatoms”
in atomic gases with a single Rydberg excitation shared by many atoms within a blockade
radius. Furthermore, this provides the basis for fast two-qubit gates between pairs of atoms
in optical or magnetic trap arrays. Recently, these superatoms and Rydberg gates have been
demonstrated in the laboratory by several groups in remarkable experiments [3, 4], also com-
bining the tools of Electromagnetically Induced Transparency (EIT) and Rydberg blockade

†The author of the present thesis performed the main part of this work, in particular most of the perfor-
mance and error analysis of the gate scheme and all numerical calculations presented in this publication.
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[5]. Building on these achievements, a future challenge is to develop and extend Rydberg-
based protocols towards single step many atom entanglement. Here we propose and analyze
a fast high-fidelity many-particle gate by combining elements of EIT and Rydberg interac-
tions, which entangles in a single step a control atom with a mesoscopic number of atoms N .
As discussed below, such a mesoscopic parallel Rydberg gate has immediate applications in
quantum information processing and entanglement-based many particle interferometry, and
represents a quantum amplifier or single atom transistor [6].

2.2 Proposed Setup

We envision a setup as illustrated in Fig. 1. A control atom and a mesoscopic ensemble of
atoms are stored in two separate trapping potentials, e.g. in two dipole traps as in Ref. [4], or
in large-spacing optical lattices or magnetic trap arrays [7]. Our goal is the implementation
of the operation c-notN , defined by

|0〉|AN 〉 → |0〉|AN 〉, |0〉|BN 〉 → |0〉|BN 〉, (2.1)

|1〉|AN 〉 → |1〉|BN 〉, |1〉|BN 〉 → |1〉|AN 〉,

where |0〉, |1〉 and |A〉 and |B〉 denote long-lived ground states of the control and ensemble
atoms, respectively. The gate consists of a conditional swap of the two internal states of
N ensemble atoms, where we have adopted the notation |AN 〉 ≡ ⊗N

k=1 |A〉k and |BN 〉 ≡⊗N
k=1 |B〉k. The gate (2.1) corresponds to a Schrödinger-cat or GHZ-type beam splitter:

(α|0〉+ β|1〉) |AN 〉 → α|0〉|AN 〉 + β|1〉|BN 〉. The resulting state constitutes an important
resource for quantum computing, and provides a basic ingredient for Heisenberg limited
interferometry [8].

ensemble atoms

control atom

laser

Rydberg 

interaction

|0〉 |1〉

|A〉 |B〉

Figure 2.1. In the envisioned setup the quantum state of an atomic ensemble is
manipulated depending on the state of a single control atom. The atomic ensemble can
consist of atoms in a single trap or of atoms being confined in a lattice.

The basic elements and steps in our realization of the gate (2.1) are: (i) the control
atom can be individually addressed and laser excited to a Rydberg state conditional to its
internal state, thus (ii) turning on or off the strong long-range Rydberg-Rydberg interactions
of the control with ensemble atoms, which (iii) via EIT-type interference suppresses or allows
the transfer of all ensemble atoms from |A〉 or |B〉 conditional to the state of the control
atom. Among the distinguishing features of our protocol is high fidelity for moderately
sized atomic ensembles spread out over several micrometers. It does not require individual
addressing of the ensemble atoms, in contrast to a possible implementation of the gate (2.1)
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by a sequence of N two qubit gates. It is robust with respect to inhomogeneous interparticle
distances and varying interaction strengths and can be carried out on a microsecond timescale.
Furthermore, we find that mechanical effects caused by strong forces between Rydberg atoms
will not spoil the fidelity of the gate operation.

2.3 Implementation of the Gate

Let us now discuss the concrete physical implementation of the gate (2.1) and introduce
intermediate states for the control and ensemble atoms (see Fig. 2.2). For the control atom we

laser pulse sequence

t

π ππ

Ωc

ΩrΩpΩr

a

control 
atom

ensemble
atom

b

Ωc

|A〉 |B〉

|R〉

|P 〉
Ωp

Ωp

|1〉

|r〉

|0〉

Ωr
Δ

c
Ωc

|A〉 |B〉

|R〉

|P 〉
Ωp

Ωp

V

|1〉

|r〉

|0〉

Ωr
Δ

Figure 2.2. a: Sequence of laser pulses (not to scale). b: Electronic level structure
of the control and ensemble atoms. The ground state |1〉 is resonantly coupled to the
Rydberg state |r〉. The states |A〉 and |B〉 are off-resonantly coupled (detuning ∆, Rabi
frequency Ωp) to |P 〉. A strong laser with Rabi frequency Ωc � Ωp couples the Rydberg
level |R〉 to |P 〉 such that |R〉 is in two-photon resonance with |A〉 and |B〉. In this
situation (known as EIT) Raman transfer from |A〉 to |B〉 is inhibited. c: With the
control atom excited to |r〉 the two-photon resonance condition is lifted as the level |R〉
is shifted due to the interaction energy V between the Rydberg states, thereby enabling
off-resonant Raman transfer from |A〉 to |B〉.

consider the Rydberg level |r〉 which is resonantly coupled to |1〉 by a laser with (two-photon)-
Rabi frequency Ωr. In the rotating wave approximation the corresponding Hamiltonian reads
Hr = [(~Ωr/2) |1〉 〈r|+ h.c.]. The ensemble atoms possess the two stable ground states |A〉
and |B〉, the intermediate state |P 〉 and a Rydberg state |R〉. The state |P 〉 can be a p-state
of an alkali metal atom, e.g. 52P3/2 in case of 87Rb, and possesses a lifetime γ−1

p of tens of
nanoseconds. The ground states are off-resonantly coupled (detuning ∆ with ∆� γp) to |P 〉
by two Raman lasers, which for simplicity are assumed to have the same Rabi frequency Ωp

(see Fig. 2.2b). A second laser with Rabi frequency Ωc (∆� Ωc > Ωp) couples |R〉 and |P 〉
such that the two ground states are in two photon resonance with |R〉.
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We now outline the conditional transfer of the ensemble atoms from the state
∣∣AN〉 to∣∣BN

〉
. We start with the case of non-interacting ensemble atoms since it can be treated in a

single particle picture. Subsequently, we discuss the effects caused by the interaction among
the ensemble atoms. We distinguish two cases: For the control atom in |0〉 we intend to block
the transfer

∣∣AN〉 → ∣∣BN
〉
, whereas for the initial state |1〉 the transfer shall be enabled.

In both cases the same sequence of three laser pulses, as sketched in Fig. 2.2a, is applied: a
short π-pulse on the control atom, a smooth Raman π-pulse Ωp(t) with

∫ T
0 dtΩ2

p(t)/(2∆) = π
acting on all ensemble atoms, and a second π-pulse on the control atom.

2.3.1 Blocking of the Transfer

Blocking: |0〉
∣∣AN〉 → |0〉 ∣∣AN〉 - The blocking can be conveniently understood in terms of

adiabatic passage along dark states of an effective Hamiltonian for the k-th ensemble atom,

Hk/ε = x2 |+〉k〈+| + |R〉k〈R| + x
(
|+〉k〈R|+ h.c.

)
, (2.2)

obtained by adiabatically eliminating the far-detuned |P 〉 state from the four-level system
depicted in Fig. 2.2b in the limit ∆ � Ωc,Ωp. In Eq. (2.2) we have defined a characteristic
energy scale ε = ~Ω2

c/(4∆), the states |±〉 = (1/
√

2)[|A〉±|B〉] and the rescaled, dimensionless
Raman laser Rabi frequency x(t) =

√
2Ωp(t)/Ωc. We are interested in the regime x � 1, in

which Hk describes the EIT scenario [9]. The solid curve in Fig. 2.3a shows the susceptibility
χ(δ) with respect to Ωp as a function of the detuning δ of the Raman lasers from the |P 〉-
state. We work on two photon-resonance δ = ∆ with χ(∆) = 0. Here the ensemble atoms
become ’transparent’ for the Raman lasers which then do not couple the states |A〉 and |B〉
anymore. In this case Hk has two dark states

|d1〉k = |−〉 , |d2〉k = (1 + x2)−1/2[|+〉k − x |R〉k]. (2.3)

For the control atom initially in |0〉 the first π-pulse has no effect. During the smooth
Raman pulse the k-th ensemble atom will adiabatically follow the dark state |d〉k =
(1/
√

2) [|d1〉k + |d2〉k], thereby starting and ending in |A〉k. The remaining (non-dark) states
are separated by an energy of at least ε. This strongly inhibits non-adiabatic losses by Landau-
Zener transitions, which limit the blocking fidelity and occur with a small probability ∝ x6.
Non-adiabatic couplings to the other dark state are absent. From Fig. 2.3b we see that the
transfer is blocked with more than 99 % fidelity 1 if Ωc/max(Ωp(t)) > 2. After the second
(ineffective) π-pulse on the control atom we have performed the step |0〉

∣∣AN〉→ |0〉 ∣∣AN〉.
2.3.2 Enabled Transfer

Population transfer: |1〉
∣∣AN〉 → |1〉 ∣∣BN

〉
- If the control atom is initially in |1〉 the first

π-pulse transfers it to |r〉. Since the control and the ensemble atoms interact via Hce =∑
k Vk |r〉 〈r| ⊗ |R〉k 〈R| the Rydberg level of the k-th ensemble atom is now shifted by the

energy Vk > 0 (see Fig. 2.2c). This interaction-induced energy shift lifts the two-photon
resonance condition, which is crucial to block the Raman transfer from |A〉k to |B〉k. Now,

1We define the fidelity by the overlap of the desired and the obtained final state, F = | 〈desired | obtained〉 |2.
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Figure 2.3. a: Linear susceptibility (not to scale) with respect to the Raman laser
as a function of its detuning δ from the |P 〉-level for blocked transfer (solid curve) and
in the unblocked case (dashed curve). b: Efficiency of the blocking (I) as a function of
Ωc/Ωp. For Ωc/Ωp > 2 the transfer of the ensemble atoms from |A〉 to |B〉 is blocked
with more than 99 % fidelity. c: Transfer efficiency in the unblocked case (II) as a
function of the interaction between the control and one ensemble atom (Ωc = 6 Ωp).
d: Fidelity of the process 1/

√
2 (|0〉+ |1〉) |AAA〉 → 1/

√
2 (|0〉 |AAA〉+ |1〉 |BBB〉) for

three ensemble atoms as a function of their interaction strength Vjk and the ratio xmax =√
2max(Ωp)/Ωc. We chose the worst case scenario, i.e. all Vjk are equal. The interaction

between control atom and ensemble atoms was Vk = 10 ~Ω2
c/∆ for all four curves, giving

rise to a maximal allowed distance between the control atom and the ensemble atoms of
2.2 µm (1.4 µm) for the ratio x = 0.4 (x = 0.1). We have chosen max(Ωp) = 2π × 70
MHz, ∆ = 2π × 1.2 GHz in b-d, and atomic parameters of 87Rb (see text).

the Raman laser beams no longer address the point of vanishing susceptibility χ(∆) = 0
(cf. dashed curve in Fig. 2.3a), but couple off-resonantly to |P 〉k and thereby realize the
transfer from |A〉k to |B〉k. In Fig. 2.3c the efficiency of the transfer |1〉 |A〉k → |1〉 |B〉k is
shown as a function of Vk. Theoretically, ideal transfer is achieved for Vk � ε but even for
Vk > 40ε the fidelity exceeds 98 %.

The upper limit for the transfer fidelity is set by three factors. First, radiative decay from
the p-state occurs with a probability ∼ γp/∆ � 1 during the Raman transfer. Once the
transfer has taken place the control atom is returned to |1〉 through the second π-pulse, and
eventually the step |1〉

∣∣AN〉 → |1〉 ∣∣BN
〉

is completed 2. Second, during the Raman pulse
the control atom resides in |r〉 (lifetime τr) for a time T . In order to minimize radiative

2More precisely, the step |1〉
∣∣AN〉 → −(−1)N |1〉

∣∣BN〉 is realized. These additional phase factors can be
avoided by controlling the relative phases of the laser pulses.
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decay from |r〉, which reduces the transfer fidelity by a factor exp(−T/τr) (independently
of N), the Raman pulse has to be carried out much faster than τr, i.e. T < 1µs. Third,
mechanical forces can occur if the control atom and an ensemble atom reside in a Rydberg
state at a time. This would cause entanglement of internal and external degrees of freedom.
However, since the probability for a double occupation of the Rydberg state is ∝ x2(ε/Vk)

2

the corresponding loss of fidelity is negligibly small.

As the procedure is time-reversal symmetric, the inverse operation |0〉
∣∣AN〉 → |0〉 ∣∣AN〉

and |1〉
∣∣BN

〉
→ |1〉

∣∣AN〉 is achieved by precisely the same pulse sequence.

2.4 Many-Particle Aspects of the Gate

Let us now extend the discussion to many interacting ensemble atoms. Ensemble-ensemble
interactions Hee =

∑
k>j Vjk |R〉j〈R| ⊗ |R〉k〈R| are of no consequence for transfer step (II)

provided Vjk ≥ 0, which can be ensured by the proper choice of the Rydberg state |R〉. Since
in this step the Rydberg level is anyway shifted byHce a further shift byHee will have no effect.
However, the influence of Hee on step (I) is more delicate as the blocking crucially relies on the
EIT condition. Fig. 2.3d shows the fidelity for generating the state |0〉|AN 〉+|1〉|BN 〉 for three
ensemble atoms as a function of their mutual interaction and xmax =

√
2max (Ωp(t)) /Ωc.

The fidelity decreases with increasing ensemble-ensemble interaction. Surprisingly, however,
it quickly approaches a constant value as Vjk is further increased. This asymptotic value
increases the smaller the parameter xmax. We will now show that in the limit xmax � 1
the blocking works with high fidelity, independently of the interaction strength among the
ensemble atoms. Consequently, in this limit the maximally achievable fidelity of the gate
(2.1) becomes independent of Hee and is solely determined by the imperfections discussed in
(I) and (II).

The initial state of the ensemble atoms can be written as a sum of direct prod-
ucts of the single particle dark states, which for two atoms takes the form |AA(0)〉 =
(1/2) [|d1d1〉+ |d1d2〉+ |d2d1〉+ |d2d2〉]. While |d1d1〉, |d1d2〉 and |d2d1〉 remain exact dark
states for finite x(t) 6= 0, the state |d2d2〉 contains a fraction of the two atom Rydberg state
|RR〉, and due to the Rydberg interaction evolves into a new state |g〉 under the adiabatic
time evolution x(t). This new state acquires an energy shift Eg, causing a dynamical phase
shift which is the dominant mechanism for the reduction of the blocking fidelity. For weak
interactions Vjk � ε perturbation theory yields Eg(t) = x4(t)V12, while in for strong interac-
tions Vjk � ε it reaches the asymptotic behavior Eg(t) ≈ 2εx4(t)(1− 2V −1

12 ). Consequently,
the acquired phase shift is bounded by the worst case scenario of strong interactions with
Vjk � ε. Then, the ’grey’ state |g〉 in the present situation with Ωc � ∆ reduces to the
collective state

|g〉 = (1 + x4)−1/2
[
(1− x2) |++〉 − x(|+R〉+ |R+〉)

]
, (2.4)

which has the energy Eg(t) = 2εx4(t), and contains an admixture of the ’superatom’
state 1√

2
(|+R〉 + |R+〉) when the Raman lasers are on. The acquired dynamical phase

is 2φ with φ =
∫ T

0 dtEg(t)/~ ≈ (35/96)2πx2
max

3. After the Raman pulse we find

3The prefactor stems from the particular choice of the Raman laser profile: Ωp(t) =√
(16π∆)/(3T ) sin2(πt/T ).
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|AA(T )〉 = (1/2)
[
|d1d1〉+ |d1d2〉+ |d2d1〉+ e−2iφ |g〉

]
, giving rise to a blocking fidelity

Fb = |〈AA(0) | AA(T )〉|2 = (1/16)
∣∣3 + e−2iφ

∣∣2. This analysis can be generalized for N en-
semble atoms where one finds N + 1 ’true’ dark states and 2N − (N + 1) ’grey’ states, which
sustain energy shifts of at most εN(N −1)x4(t) during the Raman pulse. The fidelity is then

Fb =
∣∣∣∑N

m=0N !/(m!(N −m)!2N ) exp(−im(m− 1)φ)
∣∣∣2 with φ � 1 as defined above. Note

that the fidelity can be improved by suppressing the ensemble interaction with a suitable
choice of the Rydberg state and/or a cancelation of the leading interaction by the combi-
nation of static and microwave fields as was recently proposed for polar molecules [11]. For
strong interactions the probability of finding two ensemble atoms in the Rydberg state is of
the order N2x4(min(Vjk)/ε)

−2, such that mechanical effects, which might reduce the fidelity,
are negligible.

2.5 Experimental Parameters

The numbers presented in this work (Fig. 2.3) have been calculated for 87Rb. The Rydberg
states of the control and the ensemble atoms are 50s and 49s, respectively 4. The C6 coeffi-
cients of the corresponding Van der Waals interaction have been taken from [25]. The lifetime
of the control atom is τc = 66µs. The detuning of the Raman lasers is 4 = 2π×1.2 GHz, the
duration T = 0.44µs and the decay rate of the p-state γp = 36 MHz. Larger interaction en-
ergies and correspondingly larger distances between the control and the ensemble atoms can
be reached by choosing Rydberg states of higher principal quantum number and/or working
with permanent induced dipole moments.

2.6 Many-Particle Interferometer

Finally, we briefly comment on the novel possibilities offered by our mesoscopic Rydberg
gate in the context of quantum dynamics of atomic condensed matter physics. In Fig. 1
the atomic ensemble can represent cold atoms in an optical lattice as a quantum simulator
for a Hubbard model. Since optical lattices can be state dependent, atoms in |A〉, and
|B〉 can be governed by Hubbard Hamiltonians with different (time-dependent) parameters,
generating for an initial quantum state or phase |Φ〉 in the lattice a different time evolution
UA,B|Φ〉 → |ΦA,B〉. The gate (2.1) allows the preparation of such a mesoscopic superposition
of quantum phases on time scales fast compared with the lattice dynamics, entangled with
the control atom, |0〉

∣∣AN〉 |ΦA〉+|1〉
∣∣BN

〉
|ΦB〉. A many particle interferometer, as described

in Fig. 2.4, will provide via measurement of the control atom the overlap 〈ΦA|ΦB〉 [13]. This
compares many body quantum states and their dynamics on the level of the full wave function,
at least of a mesoscopic scale, to be compared with low order correlation functions accessed
in traditional condensed matter and cold atom experiments.

4No particular form of the interaction potential is needed; accidental resonances should be avoided (see,
e.g., T. G. Walker, M. Saffman, Phys. Rev. A 77, 032723 (2008)).
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|0〉|AN 〉|Φ〉

1√
2
(|0〉 + |1〉) 1√

2
(|0〉 + |1〉)

|0〉|AN 〉|Φ〉 |0〉|AN 〉|ΦA〉

|1〉|BN 〉|Φ〉

ΦΦ〉〉 ||00

|1〉|BN 〉|ΦB〉
1√
2
(|0〉|AN 〉|ΦA〉

+|1〉|AN 〉|ΦB〉)
UA

UB

(i)

(ii)

(iii)
(iv)

(v)

(vi)

Figure 2.4. The gate (2.1) is the fundamental building block of a many-particle
interferometer where the overlap of two many-particle wave functions can be measured.
(i) Initial state preparation. (ii) The control atom is prepared in (1/

√
2)(|0〉+ |1〉). (iii)

Gate (Eq. (2.1)). (iv) Internal-state-dependent evolution, governed by UA and UB. (v)
Recombination of the interferometer arms by (2.1). (vi) Measurement of the control
atom in the basis |c±〉 = (1/

√
2)(|0〉 ± |1〉) yields access to the wave function overlap

〈ΦA | ΦB〉 = 〈Φ|U †AUB |Φ〉.
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2.8 Additional Material

In this section we provide additional unpublished background information and calculations
on the mesoscopic Rydberg gate based on EIT.

2.8.1 Interactions Between the Ensemble Atoms

In this subsection, we analyze the effects of both weak and strong interaction V between the
ensemble atoms on the fidelity for blocking the transfer from |A〉N to |B〉N . The goal is to
understand why despite the ensemble-ensemble interaction the fidelity for the blocked transfer
|0〉|A〉⊗N → |0〉|A〉⊗N remains large, and to quantify the interaction-induced corrections. In
both the weakly and the strongly interacting regime, the interactions lead to a dephasing
effect, which limits the fidelity, but is bounded in magnitude even in the case of arbitrary
large interaction. We demonstrate that the fidelity can, at least in principle, be arbitrarily
close to unity.

To understand this quantitatively, we first construct the appropriate basis set of states
for the Hamiltonian describing N interacting ensemble atoms. This will allow us to obtain
the relevant energy shifts and accumulated (undesired) phase shifts which limit the fidelity.

Single-atom Hamiltonian. The relevant electronic level structure of a single ensemble
atom in two-photon resonance is depicted in fig. 2.5a). The corresponding Hamiltonian in
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the rotating frame and within the rotating wave approximation is

H = −~∆|p〉〈p|+ ~ΩR

2
(|A〉〈p|+ h.c.) +

~ΩR

2
(|B〉〈p|+ h.c.) +

~Ωc

2
(|r〉〈p|+ h.c.). (2.5)

We assume that the coupling and Raman lasers are far-detuned from the p-level, so we can

|A |B

|p
γp

∆ R

ΩRΩR

|r e

0.2 0.4 0.6 0.8 1.0

1.0

2.0

1.00.0

|s

|d1 , d1 , |d1 , d2 , |d2 , d1

tπ

E

t

ΩR ( t)

Figure 2.5. Electronic level scheme for a single ensemble atom in two-photon resonance,
and instantaneous energy levels (in rescaled dimensionless units) of two interacting en-
semble atoms. The interaction partially lifts the fourfold degeneracy of the zero energy
space. The zoom shows how the state |s〉 is energetically split away from the remaining
three dark states once the Raman lasers are turned on.

adiabatically eliminate this state and obtain the effective Hamiltonian

H̃eff = Heff/(~Ω2
c/(4∆))

=
1

2

[
x2(|A〉〈A|+ |B〉〈B|) + 2|r〉〈r|

+x2(|A〉〈B|+ h.c.) +
√

2x((|A〉+ |B〉)〈r|+ h.c.)
]

(2.6)

with the dimensionless Raman Rabi frequency x(t) =
√

2ΩR(t)/Ωc. The interaction between
two ensemble atoms is given by

H̃ij = Hij/(~Ω2
c/(4∆)) = Ṽij |r〉〈r| (2.7)

with the dimensionless interaction energy Ṽij = 4∆Vij/Ω
2
c . In the following we will express all

quantities in terms of the dimensionless parameters x and Ṽij and omit the tilde for simplicity.

The eigenenergies of Heff are given as {0, 0, 1 + x2}, i.e. in the absence of interactions
each ensemble atom possesses a doubly degenerate dark space. It is convenient to perform a
Hadamard transformation in the |A〉, |B〉 subspace and rotate to the basis |±〉 = 1√

2
(|A〉±|B〉)

and |r〉. The single-atom Hamiltonian then takes the form

Heff = x2|+〉〈+|+ |r〉〈r|+ x(|+〉〈r|+ |r〉〈+|), (2.8)

while the interaction terms Hij remain unchanged. The dark space corresponding to zero
energy is spanned by

|d1〉 = |−〉, (2.9)

|d2〉 =
1√

1 + x2
(|+〉 − x|r〉). (2.10)
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Two interacting ensemble atoms. The Hamiltonian is given by the sum of the two single
atom Hamiltonians and the interaction,

H = H0 +H12 (2.11)

H0 = Heff ⊗ 1 + 1⊗Heff (2.12)

H12 = V12|r〉〈r| ⊗ |r〉〈r| (2.13)

A complete basis of the 9-dimensional product space is given by the product states |++〉 ≡
|+〉 ⊗ |+〉 etc. In the absence of interactions (V12 = 0) the zero energy eigenspace is fourfold
degenerate and is spanned by |d1d1〉, |d1d2〉, |d2d1〉 and |d2d2〉. For nonzero interaction V12

this degeneracy is partially lifted: The first three dark states remain dark for any interaction
strength V12 and arbitrary Rabi frequency x. The state |d2d2〉, though, is no longer dark since
for x 6= 0 it contains an |rr〉 component and therefore suffers an energy shift (see fig. 2.5).
In the weakly interacting limit V12 � 1 and for a weak Raman laser (x� 1) the interaction
constitutes a small perturbation to the sum of the two single-atom Hamiltonians, and gives
rise to the first-order energy shift

〈d2d2|H12|d2d2〉 = V12x
4. (2.14)

This result can be intuitively understood since it is just the product of the electronic popu-
lation x2 in the Rydberg state for each of the two atoms and the interaction strength V12.

In the opposite limit (for strong interactions V12 � 1) the product state |d2d2〉 can no
longer be the correct state, which for x > 0 is split away from the three dark states, since
it contains an |rr〉 component. This component, though, must vanish for larger and larger
values of V12. An adequate state to start with is the state for infinitely large interactions.
Such state (i) has to be orthogonal to the three dark states |d1d1〉, |d1d2〉 and |d2d1〉, (ii) has
to reduce to the state | + +〉 for x → 0 and (iii) it must not contain two simultaneously
excited Rydberg atoms |rr〉. This state is given by

|s〉 =
1√

1 + x4
[(1− x2)|+ +〉 − x(|+ r〉+ |r+〉)] (2.15)

Note that this state cannot be written as a tensor product of single-atom states, since it is
a superposition of the product state |+ +〉, which does not contain any Rydberg excitation,
and the Rydberg superatom state 1√

2
(|+ r〉+ |r+〉). The energy of this state is

∆E = 〈s|H|s〉 = 〈s|H0|s〉 = 2x4 (2.16)

For large but finite interaction (1 � V12 < ∞) the state |s〉 couples to |rr〉, which yields a
first-order in 1/V12 energy correction,

〈s|H|s〉 = 2x4

(
1− 2

V12

)
. (2.17)

How does this interaction-induced energy shift ∆E affect the fidelity for blocking, i.e. the
process |AA〉 → |AA〉? The initial state |AA〉 is an equally-weigthed superposition of all four
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zero energy states (for x = 0),

|AA〉 =
1

2
(| − −〉+ | −+〉+ |+−〉+ |+ +〉)

for x=0
=

1

2
(|d1d1〉+ |d1d2〉+ |d2d1〉+ |s〉) (2.18)

After the time evolution x(t) corresponding to the blocked Raman π-pulse of duration tπ =
2π∆/Ω2

R the component |s〉 has accumulated a phase φ =
∫ tπ

0 dt∆E(x(t))/~, i.e. the final
state reads

|ψ〉f =
1

2

(
| − −〉+ | −+〉+ |+−〉+ eiφ|+ +〉

)
(2.19)

For this argument to work one has to assure that no diabatic transitions from |s〉 to other
states take place. Such Landau-Zener-like transitions from the three dark states and |s〉 to
states of higher energy (E ≈ 1, E ≥ 2 + V12) are strongly suppressed provided the Raman
pulse shape x(t) varies slowly enough in time (in fact, the loss probability through such
transitions can be shown to scale proportional to x6). Population transfer within these four
states vanishes, since 〈didj | d

dt |dkdl〉 = 〈s| d
dt |didj〉 = 0 for all i, j, k, l = 1, 2 and any profile

x(t).

For a sin2 Raman pulse profile (ΩR(t) = ΩR sin2(πt/tπ) one finds

φ =
35

128
2π x2 for Ṽ12 � 1

φ =
35

128
2π x2 Ṽ12

2
for Ṽ12 � 1

(2.20)

The precise value of the numeric prefactor depends on the particular choice of the Raman
pulse profile; the scaling ∝ x2 and ∝ x2Ṽ , though, is universal.

The blocking fidelity evaluates to

f = |〈AA|ψ〉f |2 = 1− 3

16
φ2 for φ� 2π (2.21)

Conclusion: For strong coupling lasers (x � 1) the blocking fidelity approaches one,
independently of how strong the interactions between the two ensemble atoms are.

Generalization for N ensemble atoms. The analysis for two ensemble atoms of the previ-
ous section is readily generalized to the case of N ensemble atoms. There exists an iterative
construction procedure how to obtain for N ensemble atoms all dark states and the states
which are split away from zero energy, from the states corresponding to (N − 1) ensemble
atoms.

In the absence of interactions one has a 2N -fold degenerate zero energy subspace. For
finite interactions, the degeneracy is partially lifted: N + 1 states remain dark states, while
2N − (N + 1) states are energetically split away from the zero energy space. The (N + 1)
dark states are the state |d1d1d1 . . .〉 and the N states |d2d1d1 . . .〉, |d1d2d1 . . .〉, . . ., which are
composed out of (N − 1) |d1〉 states and one |d2〉 state.

In the weakly interacting limit Vij � 1 one can construct all 2N possible product states
composed of the single atom dark states |d1〉 and |d2〉, i.e. |d1,2d1,2 . . . d1,2〉, and evaluate the
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energy shifts in first order in V perturbation theory (in analogy to the procedure for two
ensemble atoms). The energy corrections are of order N2V x4, where V denotes the typical
pairwise interaction strength.

In the strongly interacting limit Vij � 1 the states which are no longer dark for x 6= 0
are obtained as follows. One takes the non-dark states known for (N − 1) ensemble atoms
and forms all possible product states with one additional single-atom dark state |d1〉 = |−〉.
Those states containing one more |−〉 obtain the same energy shift as the non-dark states
they were constructed out of (since |−〉 is dark).

For N = 3 ensemble atoms, for instance, this means that by combining the |s〉 state with
|−〉 one obtains three states, which suffer an energy shift 2x4, namely

1√
1 + x4

[(1− x2)| −++〉 − x(| −+r〉+ | − r+〉)]

1√
1 + x4

[(1− x2)|+−+〉 − x(|+−r〉+ |r −+〉)]

1√
1 + x4

[(1− x2)|+ +−〉 − x(|+ r−〉+ |r +−〉)] (2.22)

After having done this, one non-dark state is still missing. In the case of 3 atoms, so far we
have 4 dark states, the 3 non-dark states (2.22), and we still need to find the fourth non-dark
state. This state |sN 〉 for N ensemble atoms is given by

|sN 〉 =
1√

1− (N − 2)x2 + (N − 1)x4

{
(1− (N − 1)x2)|+〉⊗N −

√
Nx|SN (+r)〉

}
(2.23)

where |SN (+r)〉 denotes the super atom state

|SN (+r)〉 =
1√
N

[|r + + . . .〉+ |+ r + . . .〉+ . . .] (2.24)

which is nothing but the generalization of the state |s〉 of eq. (2.15). The state |sN 〉 undergoes
the largest energy shift of all non-dark states, namely

〈sN |H|sN 〉 = N(N − 1)x4. (2.25)

It is clear from the construction principle that the states obtained in this way are all mutually
orthogonal, reduce to the desired product states as x → 0 and that they contain at most
one Rydberg atom, as required. We conclude that the maximal energy shift grows only
quadratically with the number of ensemble atoms. But at the same time nearly all of the
2N states which start off at zero energy obtain an energy shift, i.e. the number of non-dark
states grows exponentially with N . So what will happen to the fidelity for large N? This
point will be addressed in the following section.

Process fidelity for N ensemble atoms. Since we are able to construct all relevant dark
and non-dark states, the calculation of the blocking fidelity (for an arbitrary initial state
of the N ensemble atoms) now reduces to the combinatoric problem of finding the different
classes of non-dark states. More precisely, we have to group the non-dark states into sets of
states, whose states (i) all undergo the same phase shift, (ii) to find the value of this phase
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shift and (iii) determine the number of states contained in each set. We illustrate this for
the initial state of interest, i.e. |A〉⊗N , and for the strong interaction regime, where Vij →∞,
where interactions potentially affect the system more significantly.
Temporal evolution:
At t = 0 the decomposition of the state |A〉⊗N into the 2N zero energy states |ψk〉 reads

|A〉⊗N (0) =

√
1

2N

∑
k

|ψk〉 . (2.26)

Under the adiabatic time-evolution of duration T this state evolves into

|A〉⊗N (T ) =

√
1

2N

∑
k

e−iφk |ψk〉 . (2.27)

The phase φk which is picked up during the adiabatic evolution depends on the actual state
|ψk〉 and can be written as

φk = αk

∫ T

0
dt φ̄(t) = αkφ. (2.28)

As discussed in the previous section φ = x4 in the regime of strong ensemble-ensemble
interactions.

In the case of N = 2 there are four initially dark states, three of which remain dark for
x 6= 0 and sustain no phase shift, i.e. α1 = α2 = α3 = 0. The fourth state, however, acquires
the phase 2φ and therefore has α4 = 2.

It turns out that in general there are a number of states |ψk〉 that acquire the same phase
during the time-evolution. In fact for N particles there are actually only N different phases
which are φ(m) = m(m − 1)φ with m = 1, ..., N . The number of dark states which acquire

the respective phase is given by Nφ(N,m) =

(
N
m

)
.

By this observation we can write the overlap O of the states |A〉⊗N (0) and |A〉⊗N (T ) as

O =
1

2N

∑
k,k′

e−iφk 〈ψk′ | ψk〉 =
1

2N

∑
k

e−iφk

=
1

2N

∑
m

e−iφ(m)Nφ(N,m) =
1

2N

N∑
m=0

(
N
m

)
e−im(m−1)φ, (2.29)

which reduces to one for φ→ 0.

2.8.2 Suppression of Mechanical Effects

If during the gate operation two atoms are excited to Rydberg states at the same time, strong
mechanical forces between the Rydberg atoms can lead to a momentum kick of the atoms.
As a consequence, undesired entanglement with the external motion of the atoms can lead
to a reduction of the fidelity of the gate operation.
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In order to quantify these effects, one can distinguish two cases:

First, we start with the situation where the initial state is |1〉|AN 〉, which is transformed
into |r〉|AN 〉 by the first π-pulse onto the control atom, and the Raman transfer is enabled.
In this case the two-photon resonance condition is broken and the Raman lasers are off-
resonant both to the p-level (lying at energy −∆ in the rotating frame) and the r-level (at
energy Vce in the rotating frame). How large is the probability that during the Raman pulse
one or more ensemble atoms are excited to the Rydberg state |re〉? For Ωp � Ωc (i.e. x� 1)

the admixture of the |re〉 to the ground state |+〉 = 1√
2
(|A〉+ |B〉) is of the order of

ΩpΩc
∆(∆+Vce)

and
ΩpΩc

Vce(∆+Vce)
(resulting from the coupling to the two dressed states formed by |re〉 and |p〉).

Therefore the probability for one ensemble atom to be in |re〉 is at most of order

pr ∼
(

ΩpΩc

∆Vce

)2

=

(
Ωp

Ωc

)2(Ω2
c/∆

Vce

)2

(2.30)

which is small (fourth order in a small parameters) since both x� 1 and Vce � Ω2
c/∆ (which

is the requirement for the control atom - ensemble atom interaction in order to reliably enable
the transfer).

Second, we consider the case where one starts in |0〉|AN 〉 and the control atom remains
in its ground state during the whole gate procedure. In this case mechanical effects can occur
if two ensemble atoms are simultaneously in the Rydberg state.

(i) Weak ensemble-ensemble interactions: (Vee � Ω2
c/(4∆)).

For two ensemble atoms, for instance, the ”grey” state

|d2d2〉 =

[
1√

1 + x2
(|+〉 − x|r〉)

]⊗2

(2.31)

contains a double Rydberg excitation component∼ x2|rr〉. If one starts in the state |ψinitial〉 =
| + +〉|Φ〉 for the two ensemble atoms (where |Φ〉 denotes the external wave function of the
two ensemble atoms, which could correspond to a Gaussian wave packet in an optical trap),
one would ideally follow the |ψideal〉 = |d2d2〉|Φ〉. During the Raman pulse the external wave
function corresponding to the double-Rydberg component can sustain a momentum kick due
to the mechanical force among the atoms,

|ψreal〉 =
1

1 + x2

[
(|+ +〉 − x(|+ r〉+ |r+〉)) |Φ〉+ x2|rr〉e−iϕ|Φ′〉

]
, (2.32)

where |Φ′〉 denotes the modified external wave function and where ϕ is the dynamical phase
accumulated (since it’s a ”grey” state).

We can now estimate the decrease of the fidelity by calculating the overlap with the
desired state |ψideal〉,

f ∼ |〈ψideal|ψreal〉|2 ≈ 1 + 2x4
(
Re[e−iϕ〈Φ|Φ′〉]− 1

)
≥ 1− 4x4, (2.33)
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and find that the influence on the fidelity is at most of order x4, no matter how large the
momentum transfer is (i.e. independent of the actual value of the overlap 〈Φ|Φ′〉). In con-
clusion, in both cases (open transfer and blocked situation) mechanical effects are strongly
suppressed in the regime x� 1.

It is however important to notice that the presence of the factor x4 is essential for the
argument to work, that momentum kicks do not considerably decrease the fidelity, as can
be seen from the following estimate: If we hypothetically assume for a moment that in the
case of two ensemble atoms in every gate step both atoms would with unit probability oc-
cupy the Rydberg state, the momentum kicks would have a drastic effect, even in the weakly
interacting regime:

Let us assume the initial external state being described by a Gaussian wave packet (ground
state in an optical trap)

|Φ0〉〉 =
1√√
πx0

e
− 1

2

(
x
x0

)2

. (2.34)

The mechanical force leads to a momentum kick ∆k0 = −∂V
∂r

∆t
~ with V (r) = −C6

r6 . The
fidelity is then given by

f = |〈Φ0|e−i(∆k0)x|Φ0〉|2 = e−
(∆k0)2x2

0
2 = exp

{
−18x2

0

~2

C2
6 (∆t)2

r14

}
(2.35)

The critical length where one enters the regime of strong ensemble-ensemble interactions is
roughly set by

V = −C6

r6
c

!
=

~Ω2
c

4∆
(2.36)

Using ∆ = 2π×1 GHz, Ωc = 2π×100 MHz, C6 = −4×10−59 Jm6 (order of magnitude of C6

for n ≈ 50 in 87Rb), an oscillator length x0 of 200 nm and (∆t) = 1µs we find rc ≈ 5.4µm
and a fidelity of f ≈ 2 × 10−3. This corresponds to an effective Lamb-Dicke parameter of
η = (∆k0)x0 = 3.5 and shows that even for ’weak’ interactions the momentum kick would
already be sufficient to lead to essentially orthogonal wave functions with very small overlap
in momentum space, no matter how far the atoms have actually moved in real space. The
suppression of the population probability for x� 1 is thus essential for the fidelity to remain
high.

(ii) Strong ensemble-ensemble interactions
In experimental setups where the deep limit of the inequality Ωc � Ωp might be hard to
achieve due to limited laser power, beam focussing etc. it is therefore preferable to work in the
limit of strong ensemble-ensemble interactions, Vee � Ω2

c/(4∆), in order to minimize mechan-
ical effects. In this blockade regime, all relevant states do ideally (for Vee →∞) not contain
any doubly excited Rydberg states at all. For large but finite Vee the coupling to states with
two Rydberg excitations is given by ∼ Nx2, the admixture thereby of order ∼ Nx2/Ṽ with
Ṽ = V/(Ω2

c/(4∆))� 1. For N = 2, e.g., the state |s〉 = 1√
1+x4

[(1−x2)|++〉−x(|+r〉+|r+〉)]
couples to |rr〉 (see eq. (11) in the fidelity notes). Thus, the probability to find two atoms in
the Rydberg state is

prr ∼
N2x4

Ṽ 2
, (2.37)
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i.e. it is additionally suppressed by the factor Ṽ −2 � 1.

2.8.3 Generalization of the Gate Scheme Using a Control “Super-Atom”

Here, we generalize the many-body interferometer scheme as outlined above to the situation
where a small ensemble of Nc control atoms instead of a single one is entangled with a group
of N atoms. We assume that the control atoms are trapped in a volume smaller than the
Rydberg blockade radius, such that they form a super atom when excited to a Rydberg state
(see fig. 2.6).

|1|0

|r c

control atom

Ω0r Ω1r

Figure 2.6. a) Schematics of the envisioned setup. A small group of control atoms is
entangled with an ensemble of atoms in its vicinity. The control atoms are trapped close
enough to each other such that only one of them can be excited to the Rydberg state
at a time (blockade regime). b) Internal structure of the control atoms. Atoms in the
(meta-)stable state |1〉 can be detected via fluorescence measurement.

A straightforward generalization starting with the initial state

1√
2

(|0〉+ |1〉)⊗Nc |A〉⊗N |ψ〉 (2.38)

is not meaningful due to the fact that one starts with a state, which is a superposition of
states, each of which is coupled with a different Rabi frequency to states, which include one
Rydberg excitation. Thus, there is no clear notion of a π-laser pulse for this initial state.

Instead we suggest to use a laser pulse sequence, which can be considered as a generalized
Ramsey interferometry scheme (see fig. 2.7).

Figure 2.7. Ramsey-type interferometry scheme. The pulses, which convert the state
S|r〉 into S|1〉 are not shown for simplicity.
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A first ”Ramsey” π/2 pulse (in terms of the collective Rabi frequency, which is enhanced
by a factor

√
Nc) is applied to the ensemble of control atoms initially prepared in the state

|0〉⊗Nc (pulse duration: t = π/(2
√
NcΩ0r)). This brings the control atoms into an equally

weighted superposition of the ground state |0〉⊗Nc and the super-atom state

S|r〉 ≡ 1√
Nc

(|r, 0, . . . , 0〉+ . . .+ |0, . . . , 0, r〉). (2.39)

Note that to perform such collective π/2-pulse it is necessary to know the number of control
atoms, or more precisely the collective Rabi frequency

√
NcΩ0r. This information could

experimentally for instance be obtained via a fluorescence measurement of the frequency of
Rabi oscillations between |0〉⊗Nc and S|r〉 (and subsequent repumping into |0〉).

Now the ”beamsplitter” Raman pulse sequence is applied to the ensemble atoms (identi-
cally to the situation with only a single control atom). In analogy to the previous scenario
with a single control atom, this generates the Schrödinger cat state, where now the group of
control atoms is entangled with the internal state of the ensemble atoms.

Since the super atom state can decay, it is convenient to convert the superatom state via
a π-pulse (t = π/Ω1r) on the |r〉 → |1〉 transition to an auxiliary (meta)stable state

S|1〉 =
1√
Nc

(|1, 0, . . . , 0〉+ . . .+ |0, . . . , 0, 1〉). (2.40)

Now the ensemble of system atoms is exposed to internal-state dependent unitary evolutions,
giving rise to many-body wave functions |ψ′〉 and |ψ′′〉 for atoms in |A〉 and |B〉, respectively.

After having re-converted the state S|1〉 into S|r〉 via a π-pulse, the inverse ”beamsplitter”
step is carried out.

Then, the second ”Ramsey”-type collective −π/2-pulse is applied to the control atoms.

Finally, a fluorescence measurement is performed on the whole ensemble of control atoms,
without the need of individual addressing of the atoms: Assume the internal state |0〉 to be
dark and the state |1〉 to scatters fluorescence light (see fig. 2.6 b)).

If the many-body wave functions |ψ′〉 and |ψ′′〉 are identical the group of control atoms are
in the collective state S|1〉 and one will with unit probability detect fluorescence from exactly
one control atom. In the interferometric language, this corresponds to the case where the
”beamsplitter” coherently splits the ”beam” of ensemble atoms, but since the dynamics in the
two arms of the interferometer is the same, no interesting ”interference pattern” is observed.
The only effect consists in trivial and well-known phases attributed to the ”optical” elements
of the setup, i.e. in the present case phases from the sequence of laser pulses.

On the other hand, differences in the many-body wave functions |ψ′〉, |ψ′′〉 manifest them-
selves in the probability of finding one or no atom at all among the control atoms, which
gives fluorescence light.

Note that the experimental effort of this simple detection technique should not be signif-
icantly larger than the one for the measurement of a single control atom. Remarkably, the
contrast of the fluorescence signal is one, independently of the number of control atoms, i.e.
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the probability of obtaining a fluorescence signal covers the whole interval between zero and
one.

The details of the scheme

|0〉Nc |A〉N |ψ〉
π/2−→ 1√

2

(
|0〉Nc − iS|r〉

)
|A〉N |ψ〉

BS−→ 1√
2

(
|0〉Nc |A〉N − i(−1)N (S|r〉)|B〉N

)
|ψ〉

π:|r〉→|1〉−→ 1√
2

(
|0〉Nc |A〉N − (−1)N (S|1〉)|B〉N

)
|ψ〉

UA,UB−→ 1√
2

(
|0〉Nc |A〉N |ψ′〉 − (−1)N (S|1〉)|B〉N |ψ′′〉

)
π:|1〉→|r〉−→ 1√

2

(
|0〉Nc |A〉N |ψ′〉+ i(−1)N (S|r〉)|B〉N |ψ′′〉

)
BS−1

−→ 1√
2
|A〉N

(
|0〉Nc |ψ′〉+ i(S|r〉)|ψ′′〉

)
−π/2−→ 1√

2
|A〉N

(
1√
2

(
|0〉Nc + i(S|r〉)

)
|ψ′〉+

1√
2

(
−|0〉Nc + i(S|r〉)

)
|ψ′′〉

)
π:|r〉→|1〉−→ 1

2
|A〉N

(
|0〉Nc

(
|ψ′〉 − |ψ′′〉

)
+ (S|1〉)

(
|ψ′〉+ |ψ′′〉

))
(2.41)

Tracing out the internal and external degrees of freedom of the ensemble atoms yields the
reduced density matrix for the control atoms

ρred =
(
|0〉Nc , S|1〉

) 1

2

(
1− Re〈ψ′|ψ′′〉 −i Im〈ψ′|ψ′′〉
i Im〈ψ′|ψ′′〉 1 + Re〈ψ′|ψ′′〉

)(
Nc〈0|
S〈1|

)
(2.42)

A few remarks:
1) The two π-pulses which are used to ”store” and ”reload” the Rydberg state S|r〉 in the
stable auxiliary state S|1〉 produce a relative minus sign between the two ”arms” of the
”beamsplitter”, which is the reason why the second Ramsey pulse is chosen to be a −π/2
pulse. This is a mere matter of taste and one can of course equally well choose a +π/2 pulse,
which leads to the reduced density matrix

ρred =
(
|0〉Nc , S|1〉

) 1

2

(
1 + Re〈ψ′|ψ′′〉 i Im〈ψ′|ψ′′〉
−i Im〈ψ′|ψ′′〉 1− Re〈ψ′|ψ′′〉

)(
Nc〈0|
S〈1|

)
(2.43)

2) The N -dependent phase factors finally cancel out, it is therefore not necessary to know
the number of ensemble atoms.
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A universal quantum simulator is a controlled quantum device that reproduces the
dynamics of any other many-particle quantum system with short-range interactions. This
dynamics can refer to both coherent Hamiltonian and dissipative open-system evolution.
Here we propose that laser-excited Rydberg atoms in large-spacing optical or magnetic
lattices provide an efficient implementation of a universal quantum simulator for spin
models involving n-body interactions, including such of higher order. This would allow
the simulation of Hamiltonians of exotic spin models involving n-particle constraints, such
as the Kitaev toric code, colour code and lattice gauge theories with spin-liquid phases.
In addition, our approach provides the ingredients for dissipative preparation of entangled
states based on engineering n-particle reservoir couplings. The basic building blocks of
our architecture are efficient and high-fidelity n-qubit entangling gates using auxiliary
Rydberg atoms, including a possible dissipative time step through optical pumping. This
enables mimicking the time evolution of the system by a sequence of fast, parallel and
high-fidelity n-particle coherent and dissipative Rydberg gates.

Laser excited Rydberg atoms [1–7] stored in large spacing optical lattices [8] or mag-
netic trap arrays [9] offer unique possibilities for implementing scalable quantum information
processors. In such a setup single atoms can be loaded and kept effectively frozen at each
lattice site, with long-lived atomic ground states representing qubits or effective spin de-
grees of freedom. Lattice spacings of the order of a few µm allow single site addressing with
laser light, and thus individual manipulation and readout of atomic spins. Exciting atoms

†The author of the present thesis contributed equally to this work as HW. In particular, he contributed to
the analytical elaboration of the simulation scheme and the error analysis (the numerical results have been
obtained by HW).
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with lasers to high-lying Rydberg states and exploiting the strong and long-range dipole-
dipole or Van der Waals interactions between Rydberg states provides fast and addressable
2-qubit entangling operations or effective spin-spin interactions; recent theoretical proposals
have extended Rydberg-based protocols towards a single step, high-fidelity entanglement of
a mesoscopic number of atoms [10, 11]. Remarkably, the basic building blocks behind such a
setup have been demonstrated recently in the laboratory by several groups [12, 13].

Motivated by and building on these new experimental possibilities, we discuss below a
Rydberg QS for many body spin models. As a key ingredient of our setup (see Fig. 1) we
introduce additional auxiliary qubit atoms in the lattice, which play a two-fold role: First,

Figure 3.1. Setup of the system: a) Two internal states |A〉i and |B〉i give rise to an
effective spin degree of freedom. These states are coupled to a Rydberg state |R〉i in
two-photon resonance, establishing an EIT condition. On the other hand, the control
atom has two internal states |0〉c and |1〉c. The state |1〉c can be coherently excited to
a Rydberg state |r〉c with Rabi frequency Ωr, and can be optically pumped into the
state |0〉c for initializing the control qubit. b) For the toric code, the system atoms are
located on the links of a 2D square lattice, with the control qubits in the centre of each
plaquette for the interaction Ap and on the sites of the lattice for the interaction Bs.
Setup required for the implementation of the color code (c), and the U(1) lattice gauge
theory (d).

they control and mediate effective n-body spin interactions among a subset of n system
spins residing in their neighborhood in the lattice. In our scheme this is achieved efficiently
making use of single-site addressability and a parallelized multi-qubit gate, which is based
on a combination of strong and long-range Rydberg interactions and electromagnetically
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induced transparency (EIT), as suggested recently in Ref. [11]. Second, the auxiliary atoms
can be optically pumped, thereby providing a dissipative element, which in combination with
Rydberg interactions results in effective collective dissipative dynamics of a set of spins located
in the vicinity of the auxiliary particle, which itself eventually factors out from the system spin
dynamics. The resulting coherent and dissipative dynamics on the lattice can be represented
by, and thus simulates a master equation ρ̇ = −(i/~) [H, ρ] +Lρ [14], where the Hamiltonian
H =

∑
αHα is the sum of n-body interaction terms, involving a quasi-local collection of

spins in the lattice. The Liouvillian term L =
∑

β D(cβ) with D(c)ρ = cρc† − 1
2c
†cρ− ρ1

2c
†c

in Lindblad form governs the dissipative time evolution, where the many-particle quantum
jump operators cβ involve products of spin operators in a given neighborhood.

The actual dynamics of our system is performed as a stroboscopic sequence of coherent
and dissipative operations involving the auxiliary Rydberg atoms over time steps τ , with the
master equation emerging as a coarse grained description of the time evolution. For purely
coherent dynamics governed by the Hamiltonian, this is the familiar “digital QS” [15, 16]
where for each time step the evolution operator is implemented via a Trotter expansion
e−iHτ/~ ≈ ∏α e

−iHατ/~ and a certain error associated with the non-commutativity of the
quasi-local interactions Hα. The concept of stroboscopic time evolution is readily adapted to
the dissipative case by interspersing coherent propagation and dissipative time steps eLτ ≈∏
β e
D(cβ)τ , providing an overall simulation of the master equation by sweeping over the whole

lattice with our coherent and dissipative operations. Many of these steps can in principle
be done in a highly parallel way, rendering the time for a simulation step independent on
the system size. In our scheme the characteristic energy scale of the many-body interaction
terms is essentially the same for two-body, four- or higher-order interaction terms, and mainly
limited by the fast time-scale to perform the parallel mesoscopic Rydberg gate operations.

3.1 Coherent and Dissipative Many-Body Spin Dynamics

Before proceeding with the concrete physical implementation of our Rydberg QS, we find it
convenient to discuss special spin models and master equations of interest, starting with an
explicit example: Kitaev’s toric code. We will discuss the realization of a more complex setup
of a three-dimensional U(1) lattice gauge theory giving rise to a spin liquid phase in the last
section.

Kitaev’s toric code is a paradigmatic, exactly solvable model, out of a large class of spin
models, which have recently attracted a lot of interest in the context of studies on topological
order and quantum computation. It considers a two-dimensional setup, where the spins are

located on the edges of a square lattice [17]. The Hamiltonian H = −E0

(∑
pAp +

∑
sBs

)
is a sum of mutually commuting stabilizer operators Ap =

∏
i∈p σ

x
i and Bs =

∏
i∈s σ

z
i , which

describe four-body interactions between spins located around plaquettes (Ap) and vertices
(Bs) of the square lattice (see Fig. 3.1b). The ground state of the Hamiltonian is a simul-
taneous eigenstates of all stabilizer operators Ap and Bs with eigenvalues +1, and gives rise
to a topological phase: the ground state degeneracy depends on the boundary conditions
and topology of the setup, and the elementary excitation exhibit anyonic statistics under
braiding. The toric code shows two types of excitations corresponding to −1 eigenstates of
each stabilizer Ap (“magnetic charge”) and Bp (“electric charge”).
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A dissipative dynamics which “cools” into the ground state manifold is provided by a
Liouvillian with quantum jump operators,

cp =
1

2
σzi [1−Ap] , cs =

1

2
σxj [1−Bs] , (3.1)

with i ∈ p and j ∈ s, which act on four spins located around plaquettes p and vertices s,
respectively. The jump operators are readily understood as operators which “pump” from
−1 into +1 eigenstates of the stabilizer operators: the part (1−Ap)/2 is a projector onto the
eigenspace of Ap with −1 eigenvalue, while all states in the +1 eigenspace are dark states.
The subsequent spin flip σxj transfers the excitation to the neighboring plaquette. The jump
operators then give rise to a random walk of anyonic excitations on the lattice, and whenever
two excitations of the same type meet they are annihilated, resulting in a cooling process, see
Fig. 3.2. Similar arguments apply to cs. Efficient cooling is achieved by alternating the index
i of the spin, which is flipped. Our choice of the jump operator follows the idea of reservoir

Figure 3.2. Cooling of the toric code: a) A dissipative time step moves one anyonic exci-
tation (red dot) on top of a second anyon sitting on a neighboring plaquette, annihilating
each other and thus lowering the internal energy of the system. The anyon of different
type (green dot) is unaffected as moves of anyons occur only with a small probability. b)
Numerical simulation of the cooling for N lattice sites (periodic boundary conditions).
Single trajectories for the anyon density n over time are shown as solid lines. Filled
circles represent averages over 1000 trajectories. The initial state for the simulations is
the fully polarized, experimentally easily accessible state of all spins down. For perfect
gates the energy of the system reaches the ground state energy in the long time limit,
while for imperfect gates heating events can occur (blue solid line) and a finite density
of anyons n remains present (blue circles). In this example the phase shift determining
the cooling rate was set to θ = 1.25 providing a characteristic time scale κ−1 ∼ 8µs,
while the parameter quantifying the gate error was |Q| = 0.1 (see the Methods section
for details).

engineering of interacting many-body systems as discussed in Ref. [18, 19]. In contrast to
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alternative schemes for measurement based state preparation [20], here, the cooling is part
of the time evolution of the system. These ideas can be readily generalized to more complex
stabilizer states and to setups in higher dimensions, as in, e.g., the color code (see Fig. 3.1c)
[21]. As a final remark we would like to mention that the toric code can also be derived as a
perturbative limit of a Hamiltonian with two-body interactions on a honeycomb lattice [22],
of which implementations have been suggested both for cold atoms [23] and condensed matter
systems [24]. In our approach the higher-order interactions arise in a non-perturbative way
and the scheme also allows for dissipative state preparation.

3.2 Implementation of a Single Time Step

We now turn to the physical implementation of the digital quantum simulation. The system
and auxiliary atoms are stored in a deep optical lattice or magnetic trap arrays with one
atom per lattice site, where the motion of the atoms is frozen and the remaining degree of
freedom of the system and auxiliary atoms are effective spin−1/2 systems described by the
two long-lived ground states |A〉i and |B〉i and |0〉c and |1〉c, respectively (see Fig. 3.1a). We
first discuss the elements of the digital QS for a small local setup, and present the extension
to the macroscopic lattice system below. To be specific, we will focus on a single plaquette
in the example of Kitaev’s toric code outlined above.

The implementation of the four-body spin interaction Ap =
∏
i σ

x
i and the jump operator

cp uses an auxiliary qubit located at the centre of the plaquette (see Fig.3.1b). The general
approach then consists of three steps (see Fig. 3.3b): (i) We first perform a gate sequence G
which encodes the information whether the four spins are in a +1 or −1 eigenstate of Ap in
the two internal states of the auxiliary atom. (ii) In a second step, we apply gate operations,
which depend on the internal state of the control qubit. Due to the previous mapping these
manipulations of the control qubit are equivalent to manipulations on the subspaces with
fixed eigenvalues of Ap. (iii) Finally, the mapping G is reversed, and the control qubit is
re-initialized incoherently in its internal state |0〉 by optical pumping. The mapping G is a
sequence of three gate operations

G = Uc(π/2)−1UgUc(π/2), (3.2)

where Uc(π/2) = exp(−iπσy/4) is a standard π/2-single qubit rotation of the control qubit
and the parallelized many-body Rydberg gate [11] takes the form (see Fig. 3.1a for the
required electronic level scheme and the Methods section for a brief summary)

Ug = |0〉〈0|c ⊗ 1 + |1〉〈1|c ⊗
∏
i∈p

σxi . (3.3)

For the control qubit initially prepared in |0〉c, the gate G coherently transfers the control
qubit into the state |1〉c (|0〉c) for any system state |λ,−〉 (|λ,+〉), with |λ,±〉 denoting the
eigenstates of Ap, i.e., Ap|λ,±〉 = ±|λ,±〉, see Fig. 3.3.

For the coherent time evolution, the application of a phase shift exp (iφσzc ) on the control
qubit and the subsequent reversion of the gate, G−1, implements the time evolution according
to the many-body interaction Ap, i.e.,

Uint = exp (iφAp) = G−1 exp (iφσzc )G. (3.4)
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Figure 3.3. Single time step: a) The gate sequence G coherently maps the information,
whether the system spins reside in any eigenstate |λ,−〉 (|λ,+〉) corresponding to the
eigenvalue −1 (+1) of the many-body interaction Ap onto the internal state |1〉c (|0〉c)
of the control qubit. b) After the mapping G, we apply gate operations, which depend
on the internal state of the control qubit. Finally, the mapping G is reversed and the
control qubit is incoherently reinitialized in state |0〉c by optical pumping. At the end
of the complete sequence the dynamics of the control qubit factors out.

The control qubit returns to its initial state |0〉c after the complete sequence and therefore
effectively factors out from the dynamics of the system spins. For small phase imprints φ� 1,
the mapping reduces to the standard equation for coherent time evolution

∂tρ = − i
~
E0 [−Ap, ρ] + o(φ2). (3.5)

The energy scale for the four-body interaction Ap becomes E0 = ~φ/τ with τ the time
required for the implementation of a single time step.

On the other hand, for the dissipative dynamics, we are interested in implementing the
jump operator cp (see Eq. 3.1). To this purpose, after the mapping G, we apply a controlled
spin flip onto one of the four system spins,

UZ,i(θ) = |0〉〈0|c ⊗ 1 + |1〉〈1|c ⊗ Σ (3.6)

with Σ = exp(iθσzi ). As desired, the sequence G−1UZ,i(θ)G leaves the low energy sector |λ,+〉
invariant since these states are mapped onto |0〉c and are therefore unaffected by UZ,i(θ). In
contrast - with a certain probability - the sequence performs a controlled spin flip on the
states |λ,−〉. Once a spin is flipped, the auxiliary qubit remains in the state |1〉c, and
optical pumping from |1〉c to |0〉c is required to re-initialize the system, guaranteeing that the
control qubit again factors out from the system dynamics. The optical pumping constitutes
the dissipative element in the system and allows one to remove entropy in order to cool the
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system. Note that while optical pumping may lead to heating of the motional degrees of
freedom, it is possible to recool the control atom afterwards, e.g., by sideband cooling. The
two qubit gate UZ,i(θ) is implemented in close analogy to the many-body Rydberg gate Ug
previously discussed. For small phases θ the operator Σ can be expanded, and the density
matrix ρ of the spin system evolves in one dissipative time step according to the Lindblad
form

∂tρ = κ

[
cpρc

†
p −

1

2

{
c†pcpρ+ ρc†pcp

}]
+ o(θ3) (3.7)

with the jump operators cp given in Eq. (3.1) and the cooling rate κ = θ2/τ . Note, that
the cooling also works for large phases θ, and therefore the most efficient dissipative state
preparation is achieved with θ = π.

The above scheme for the implementation of the many-body interaction Ap and the dissi-
pative cooling with cp can be naturally extended to arbitrary many-body interactions between
the system spins surrounding the control atom, as e.g., the Bp interaction terms in the above
toric code. Gate operations on single system spins allow to transform σxi in σyi and σzi , in
accordance with previous proposals for digital simulation of spin Hamiltonians [25], while se-
lecting only certain spins to participate in the many-body gate via local addressability gives
rise to the identity operator for the non-participating spins. Consequently, we immediately
obtain the implementation of the general many-body interaction and jump operators

Aα =
∏
i

Wi, cβ =
1

2
Qi

1−
∏
j

Wj

 (3.8)

with Wi, Qi ∈ {1, σxi , σyi , σzi }. Here, α and β stand for a collection of indices characterizing
the position of the local interaction and the interaction type. Note that Aα also includes
single particle terms, as well as two-body interactions.

3.3 Toolbox for Digital Quantum Simulation

Extending the analysis to a large lattice system with different, possibly non-commuting in-
teraction terms in the Hamiltonian, i.e., H =

∑
αEαAα and dissipative dynamics described

by a set of jump operators cβ with damping rates κβ, provides a complete toolbox for the
quantum simulation of many-body systems. Each term is characterized by a phase φα (θβ)
written during a single time step determining its coupling energy Eα = ~φα/τ and damping
rate κβ = θ2

β/τ . For small phases φα � 1 and θ2
β � 1, the sequential application of the gate

operations for all interaction and damping terms reduces to the master equation of Lindblad
form,

∂tρ = − i
~

[H, ρ] +
∑
β

κβ

[
cβρc

†
β −

1

2

(
c†βcβρ+ ρc†βcβ

)]
. (3.9)

The choice of the different phases during each time step allows for the control of the relative
interaction strength of the different terms, as well as the simulation of inhomogeneous and
time dependent systems.
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The characteristic energy scale for the interactions Eα and damping rates κβ are deter-
mined by the ratio between the time scale τ required to perform a single time step, and the
phase difference φα and θβ written during these time steps. It is important to stress that
within our setup, the interactions are quasi-local and only influence the spins surrounding
the control qubit. Consequently, the lattice system can be divided into a set of sublattices
on which all gate operations that are needed for a single time step τ , can be carried out in
parallel. Then, the time scale for a single step τ becomes independent on the system size
and is determined by the product of the number z of such sublattices and the duration τs of
all gate operations on one sublattice. In our setup, τs is mainly limited by the duration of
the many-body Rydberg gate Ug, which is on the order of ∼ 1µs (see Methods section for
details). For the toric code discussed above, we have to apply the many-body gate twice for
every interaction term (see Fig. 3.3), and with z = 4, we obtain τ ∼ a few µs, resulting in
characteristic energy scales and cooling rates of the order of hundred kHz. For the simulation
of Hamiltonian dynamics this energy scale may be somewhat lower if Trotterization errors
have to be taken care of. It is a crucial aspect of this quantum simulation with Rydberg
atoms that it can be performed fast and is compatible with current experimental time scales
of cold atomic gases [26].

Finally, we would like to point out that imperfect gate operations provide in leading
order small perturbations for the Hamiltonian dynamics and weak dissipative terms; see
Methods section and Fig. 3.2 for a numerical analysis of the induced errors. However, the
thermodynamic properties and dynamical behaviour of a strongly interacting many-body
system are in general robust to small perturbations in the Hamiltonian; e.g., the stability of
the toric code for small magnetic fields has recently been demonstrated [27]. Consequently,
small imperfections in the implementation of the gate operations are tolerable.

An important aspect for the characterization of the final state is the measurement of
correlation functions χ = 〈Aα1 . . . Aαn〉, where Aαj denote local, mutually commuting many-
body observables. In our scheme, the observables Aαj can be measured via the mapping G of
the system information onto auxiliary qubits and their subsequent state selective detection.
In analogy to noise correlation measurements in cold atomic gases [28, 29] the repeated
measurement via such a detection scheme provides the full distribution function for the
observables, and therefore allows to determine the correlation function χ in the system.
Consequently, in the above discussion of Kitaev’s toric code, the necessary string operators
characterizing topological order can be detected.

3.4 Lattice Gauge Theory

In the first example, we discussed the implementation of the quantum simulator for the toric
code, and the extension to more complex stabilizer states is straightforward. In the following,
we will show that our approach can also be extended to systems with non-commuting terms in
the Hamiltonian. As an example, we focus on a three-dimensional U(1)-lattice gauge theory
[30], and show that dissipative ground state cooling can also be achieved in such complex
models. Such models have attracted a lot of recent interest in the search for ‘exotic’ phases
and spin liquids [31–34]. The three-dimensional setup consists of spins located on the links of
a cubic lattice (see Fig. 3.1d). The lattice structure for the spins can be viewed as a corner
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sharing lattice of octahedra with one site of the cubic lattice in the center of each octahedra.
The Hamiltonian for the U(1) lattice gauge theory takes the form

H = U
∑
o

(Szo )2 − J
∑
p

Bp + V NRK, (3.10)

where the first term in the Hamiltonian defines a low energy sector consisting of allowed
spin configuration with an equal number of up and down spins on each octahedron, i.e., spin
configurations with vanishing total spin Szo =

∑
i∈o σ

z
i on each octahedron. The second term

denotes a ring exchange interaction on each plaquette with Bp = S+
1 S
−
2 S

+
3 S
−
4 +S−1 S

+
2 S
−
3 S

+
4 ;

here S±i = [σxi ± iσyi ] /2 and the numbering is clockwise around the plaquette. This term flips
a state with alternating up and down spins on a plaquette, i.e., | ↑, ↓, ↑, ↓〉p → | ↓, ↑, ↓, ↑〉p. The
last term denotes the the so-called Rokhsar-Kivelson term, which counts the total number of
flipable plaquettes NRK =

∑
pB

2
p . While the ring exchange interaction commutes with the

spin constraint, ring exchange terms on neighboring plaquettes are non-commuting. At the
Rokhsar-Kivelson point with J = V , the system becomes exactly solvable [35], and it has
been proposed that in the regime 0 ≤ V ≤ J the ground state is determined by a spin liquid
smoothly connected to the Rokhsar-Kivelson point [33]: the properties of this spin liquid
are given by an artificial ‘photon’ mode, gapped excitations carrying an ‘electric’ charge
(violation of the constraint on an octahedron), which interact with a 1/r Coulomb potential
mediated by the artificial photons, and gapped magnetic monopoles. In the following, we
present the implementation of this Hamiltonian within our scheme for the digital quantum
simulation and demonstrate that dissipative ground state cooling can be achieved at the
Rokhsar-Kivelson point. The control qubits reside in the center of each octahedron (on the
lattice sites of the 3D cubic lattice) controlling the interaction on each octahedron, and in
the center of each plaquette for the ring exchange interaction Bp, see Fig. 3.1. Then, the
coherent time evolution of the Hamiltonian (3.10) can be implemented in analogy to the
above discussion by noting that the ring exchange interaction Bp and NRK can be written
as a sum of four-body interactions of the form (3.8), while the constraint on the octahedra
is an Ising interaction, see Methods section. Next, we discuss the jump operators for the
dissipative ground state preparation. The cooling into the subspace with an equal number of
up and down spins on each octahedron is obtained by the jump operator

cs =
1

4

1 +
∏
j

e−i
π
6
σzj

σxi
1−

∏
j

ei
π
6
σzj

 , (3.11)

where the product is carried out over the six spins located on the corners of the octahedron
(see Fig. 3.1d). The “interrogation” part 1 −∏j exp(iπ6σ

z
j ) of the jump operator vanishes

if applied to any state with three up and three down spins, while in all other cases a spin is
flipped. Then the cooling follows in analogy to the cooling in the toric code by the diffusion of
the ‘electric’ charges. Identifying each spin up with a ‘dimer’ on the link, all states satisfying
the constraints on the octahedra can be viewed as a dimer covering with three dimers meeting
at each site of the cubic lattice, see Fig. 3.4a. Within this description, the ground state at
the Rokhsar-Kivelson point is given by the condensation of the dimer coverings [34], i.e., the
equal weight superposition of all dimer coverings. The condensation of the dimer coverings
is then achieved by the jump operator

cp =
1

2
σzi [1−Bp]Bp. (3.12)
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Figure 3.4. Lattice gauge theory: a) Illustration of a dimer covering with three dimers
(red links) meeting at each site of the cubic lattice. The front plaquette represents a
flipable plaquette, which is transformed under the action of the ring-exchange Bp into a
different dimer covering. b) Numerical simulation for the cooling into the ground state
at the Rokhsar-Kivelson point with E = 0 for a system with 4 unit cells (12 spins). The
cooling into the constraint on the octahedra follows in analogy to the cooling of the toric
code via the diffusion and annihilation of ’electric charges’ on the octahedra. The inset
shows the cooling into the equal superposition of all dimer coverings starting from an
initial state satisfying the constraint on all octahedra. c) Coherent time evolution from
the Rokhsar-Kivelson point with a linear ramp of the Rokhsar-Kivelson term V (t) =
J(1 − tJ/10~): the solid line denotes the exact ground state energy, while the dots
represent the digital time evolution during an adiabatic ramp for different phases φ
written during each time step. The difference accounts for errors induced by the Trotter
expansion due to the non-commutative terms in the Hamiltonian.

This jump operator has two dark states, which are the 0 and +1 eigenstates of Bp. The
0 eigenstate corresponds to a non-flippable plaquette, while the +1 eigenstate is the equal
weight superposition of the original dimer covering and the dimer covering obtained by flip-
ping the plaquette (i.e., the +1 eigenstate). Finally, the jump operator cp transforms the third
eigenstate with eigenvalue −1 into the +1 eigenstate. Consequently, the system is cooled into
the dark state which is the equal superposition of all dimer coverings, which can be reached
by flipping different plaquettes. The cooling of these jump operators is demonstrated via a
numerical simulation for a small system of 4 unit cells, see Fig. 3.4b.

The implementation of the digital quantum simulations provides full control on the spatial
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and temporal interaction strengths. Therefore, there are two possibilities to analyze the phase
diagram for arbitrary interaction strengths: (i) The possibility to vary the different coupling
strengths in time allows us adiabatically explore the phase diagram; the adiabatic preparation
using the Trotter expansion is shown in Fig. 3.4c. (ii) On the other hand, the spatial control
of the coupling parameters allows us to divide the lattice into a system and a bath. The
ground state of the bath is given by the Rokhsar-Kivelson state, which can be continuously
cooled via the dissipative terms, while the system part is sympathetically cooled due to its
contact with the bath; in analogy to the cooling well known in condensed matter systems.

3.5 Methods

3.5.1 Gate Errors

In the following, we discuss the influence of a gate error onto the dynamics of the system. For
simplicity, we illustrate the general behaviour for an error in the many-body gate Ug for the
coherent time evolution of the many-body interaction Ap. The imperfect many-body gate
operation can be written

Ũg = |0〉〈0|c ⊗ eiφQ + |1〉〈1|c ⊗Ap, (3.13)

where the perfect gate Ug is recovered for Q → 0 and the operator Q = Q† acts on the
system spins surrounding the control atom. This form of the error is motivated by the
specific implementation of the gate [11]; however, it can be seen that different errors in the
many-body and single particle gates will lead to similar phenomena. For the coherent time
evolution, the imperfect gate gives rise to a finite amplitude for the control qubit to end up
in the state |1〉c. Consequently, optical pumping of the control qubit is required to reinitialize
the system. Then the gate operations on a single plaquette give rise to the mapping of the
density matrix onto

ρ→ CρC† +DρD† (3.14)

with (Θ ≡ eiφQ)

C =
1

2

[(
Θ2 + 1

)
cosφ+ (ΘAp +ApΘ) i sinφ

]
(3.15)

≈ exp [iφ (Ap +Q)]− φ2

2
Q2 (3.16)

D =
1

2

[(
Θ2 − 1

)
cosφ+ (ΘAp −ApΘ) i sinφ

]
(3.17)

≈ −iφQ. (3.18)

The last equations hold with an accuracy up to third order in the small parameter φ. Con-
sequently, the optical pumping has no influence in leading order, and the system is well de-
scribed by a Hamiltonian evolution with the modified Hamiltonian H = −(~/τ)φ [AP +Q].
The characteristic energy scale of the correction is again given by ~φ/τ , and consequently
describes a small perturbation if |Q| � 1. In second order expansion in the small parameter
φ, the mapping of the density matrix reduces to

ρ→ ρ− iφ [h, ρ]− φ2

2
[h, [h, ρ]] +

φ2

2

(
2QρQ−

{
Q2, ρ

})
, (3.19)
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with h = −[Ap+Q]. The first terms on the right hand side describe the coherent evolution of
the system with the evolution operator exp(−iφh) consistently expanded up to second order,
while the last term takes the standard Lindblad form for a dissipative coupling with the jump
operator ce = Q describing a dephasing with the rate κe = φ2/τ .

3.5.2 Mesoscopic Rydberg Gate

In the following we briefly summarise the main properties and requirements of the many-body
Rydberg gate Ug introduced in Ref. [11]. The internal level structure of the control atom and
the surrounding ensemble atoms is depicted in Fig. 3.1. The underlying physical mechanism
of the gate operation (3.3) is a conditional Raman transfer of all ensemble atoms between
their logical internal states |A〉 and |B〉, which - depending on the internal state |0〉 or |1〉 of
the control qubit - is either inhibited or enabled. The gate is realised by the following three
laser pulses: (i) A first state selective π-pulse acting on the control atom changes the ground
state |1〉 into the Rydberg state |r〉. (ii) During the whole gate operation, a strong coupling
laser of Rabi frequency Ωc constantly acts on all ensemble atoms and off-resonantly couples
the Rydberg level |R〉 to the intermediate level |P 〉 with a detuning ∆. Its frequency is chosen
such that it is in two-photon resonance with the two Raman laser beams of Rabi frequency
Ωp (see Fig. 3.1), thereby establishing a condition known as electromagnetically induced
transparency (EIT) [36]. The system then adiabatically follows a zero energy dark state,
which at the end of the pulse is identical to the one in the beginning. In consequence, when
the Raman laser pulses are applied - and provided the control atom resides in state |0〉 - this
two-photon resonance condition effectively blocks the Raman transfer from |A〉 to |B〉. In case
the control atom was excited to the Rydberg state |r〉 in step (i), the large Rydberg-Rydberg
interaction energy shift (dipole blockade) lifts the blocking condition for the ensemble atoms
and thus the Raman transfer takes place. (iii) Finally, the control atom is transfered from
state |r〉 back to |1〉 via a second π-pulse. The total time Tgate required for the gate is
mainly limited by the duration of the Raman pulse, resulting in Tgate ∼ 16π∆/(3Ω2

p). The
principal error source for the many-body gate is due to the Rydberg-Rydberg interactions
between the ensemble atoms. For N ensemble atoms the accumulated phase errors scale
like φ|Q| ∼ N(N − 1)(Ωp/Ωc)

2, i.e., they depend on all possible pair combinations and the
probability of an ensemble atom being excited to the Rydberg state due to non-adiabadic
processes [11].

3.5.3 Experimental Implementation

Our setup consists of control and ensemble atoms trapped in large spacing optical lattices (see
Fig. 1), so that single site addressability can be achieved. In order to manipulate ensemble
atoms independently, their spacing a must be larger than the wavelength λp of the Raman
lasers for the many-body gate. Such a spatial resolution can be achieved by tightly focussing
the laser beam, by employing superlattice beams for the gate pulses, or sub-wavelength
addressing techniques based on magnetic field gradients [37] or dark state resonances [38].
Control and ensemble atoms can be distinguished spectroscopically, e.g., by using different
hyperfine states in two state-dependent lattices. A suitable set of parameters is determined by
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balancing the need for sufficiently large lattice spacing with at the same time strong Rydberg
interactions for a fast and high-fidelity many-body gate.

We require the ensemble atoms to be separated by a = 3.5λp ≈ 1.5µm and a fast many-
body gate with Tgate = 1.5µs (which is much shorter than decoherence times, e.g., due
to radiative decay of the Rydberg states). For 87Rb this is achieved by choosing Ωp =
2π × 67 MHz, ∆ = 2π × 2 GHz, Ωc = 2π × 1 GHz, an interaction strength of V = 10~Ω2

c/∆,
and using the Rydberg states |r〉c = |59s〉 and |R〉i = |53s〉, respectively. Note that for these
Rydberg states the corresponding distances are still larger than the LeRoy radius, i.e., there
is no overlap between the wavefunctions of the atoms. Furthermore, corrections to a pure
van der Waals interaction due to resonant dipole-dipole couplings [39, 40] are also small. For
these parameters, the errors due to ensemble-ensemble interactions result for N = 4 atoms
in φ|Q| = 0.2.

Further errors arise from crosstalk between plaquettes being processed in parallel,
i.e. when a control atom interacts with ensemble atoms of distant plaquettes. Due to the
rapid decay of the van der Waals interaction the residual interaction is reduced by a factor
of at least 125 on a square lattice. For V = 10~Ω2

c/∆ the resulting error is of similar size
as due to ensemble-ensemble interactions. This error can be further reduced by increasing
the number of sublattices z such that only every second or third plaquette is processed in
parallel.

3.5.4 Quantum Gates for the U(1) Lattice Gauge Theory

The Hamiltonian giving rise to the constraint for the spins on the octahedra can be expressed
as a sum of Ising interactions,

(Szo )2 =
6∑
i 6=j

σzi σ
z
j + const, (3.20)

which allow for an efficient implementation using the general toolbox for quantum simulation.
The implementation for the jump operators for the constraint is obtained in analogy to the
general jump operators with the many-body gate Ug replaced by the gate |0〉〈0|c⊗1+|1〉〈1|c⊗∏
i exp(iπ6σ

z
i ). On the other hand, the ring exchange interaction can be written as a sum of

commuting four-body interactions

Bp =
1

8

8∑
j=1

B(j)
p =

1

8
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x
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y
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Likewise, the Rokhsar-Kivelson term can be decomposed into

B2
p =

1

8

8∑
j=1

N (j)
p =

1

8
(σ0
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0
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0
4 + σz1σ

z
2σ

z
3σ

z
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where σ0
i is the identity matrix. Consequently, the coherent time evolution follows again

from the general toolbox, while the jump operators for cooling into the ground state at the
Rokhsar-Kivelson point effectively cool into the zero eigenvalue eigenstate of the operators

1

2
[1−Bp]Bp =

1

16

16∑
j=1

C(j)
p =

1

16

 8∑
j=1

B(j)
p −

8∑
j=1

N (j)
p

 . (3.23)

This can be achieved by replacing the gate Ug with

UB = |0〉〈0|c ⊗ 1 + |1〉〈1|c ⊗ exp
[
i
π

2
(1−Bp)Bp

]
=

16∏
j=1

Uc(π/2)−1UjUc(π/2) exp (iπ/32σzc )

Uc(π/2)−1UjUc(π/2), (3.24)

with Uj = |0〉〈0|c ⊗ 1 + |1〉〈1|c ⊗ C
(j)
p . This gate operation leaves states with eigenvalue

0,+1 of Bp invariant, while the −1 eigenvalue picks up a phase of π. It can be implemented
as a product of many-body gates which derive directly from the standard gate Ug with the
combination of spin rotations.
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3.8 Additional Material: Simulation of Anyons with Long-
Range Interactions

In this section we present additional unpublished work on a scheme for digital quantum
simulation of an extended toric code Hamiltonian. This model, recently suggested by Chesi
et al. [41], exhibits long-range interactions between the anyonic quasi-particle excitations.
The authors proposed to introduce long-range interactions between the anyonic excitations
to realize a topological quantum memory, which is robust at finite temperatures and in the
thermodynamic limit. More specifically, the authors consider a two-dimensional square lattice
with periodic boundary conditions, where spins are located at the edges of the lattice and
the dynamics is governed by the Hamiltonian

H =
1

2

∑
pp′

Upp′npnp′ +
1

2

∑
ss′

Vss′nsns′ (3.25)
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Here, the sums extends over all plaquettes and vertices of the lattice, and the projectors
np = (1 −∏i∈p σ

z
i )/2 and ns = (1 −∏j∈s σ

x
j )/2 count the number of anyons (either 0 or 1)

on each plaquette (vertex) of the lattice. The coefficients Upp′ and Vss′ account for on-site
(the usual four-body interactions of the toric code) and long range interactions between the
two types of anyons, and they are assumed to be of the general form

Upp′ = 2Jδpp′ +
A

(rpp′)α
(1− δpp′). (3.26)

The authors have shown analytically and numerically that such two-dimensional stabilizer
model as a topological quantum memory becomes robust at non-zero temperatures and for
larger and larger system sizes provided the interactions between anyons decay more slowly
than one over their distance squared, i.e. 0 ≤ α < 2.

Here, we present a scheme which allows the digital simulation of long-range interactions
between anyons in a finite system, with tunable interaction strengths A and distance depen-
dences α. The main idea consists in extending the simulation scheme developed above and
to make use of the strong long-range Rydberg-Rydberg interactions between auxiliary atoms
corresponding to different plaquettes (vertices) of the lattice. For simplicity of the discussion

spins

auxiliary atom (Z)

auxiliary atom (X)

Thursday, December 31, 2009

auxiliary 
atom

|1〉

|r〉

|0〉

Ω

∆

Thursday, December 31, 2009

Figure 3.5. a) Lattice configuration with spins located at the edges of the square
lattice, and auxiliary qubits mediating on-site and long range interactions of X− and
Z-type. b) Relevant electronic level structure of the auxiliary atoms. The logical state
|1〉 is coupled off-resonantly (i.e. Ω� ∆) to the Rydberg state |r〉 with the single-atom
Rabi frequency Ω and detuning ∆.

we focus in what follows on the Z-type interactions corresponding to the plaquettes of the
lattice. The discussion for the interaction terms of spins around the vertices of the lattice
goes in complete analogy. The simulation procedure consists of the following steps:

(i) In a first step, the information whether an anyon is present or not on the plaquettes
of the lattice, is mapped onto the two internal degrees freedom |0〉 and |1〉 of the correspond-
ing auxiliary qubits. As has been discussed above, this mapping can be achieved efficiently
and in a highly parallel way by means of the many-qubit gate proposed in [11], which can, in
principle, be applied to all plaquettes in a few steps by using a small number superlattices.
(ii) In the second step, one single operation (which can be regarded as a ”macroscopic” phase
gate) is applied to all auxiliary atoms. This allows to simulate both the onsite energy terms
J and the long-range interactions between the anyonic excitations. See detailed discussion in
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section 3.8.
(iii) Finally, the auxiliary atoms are disentangled from the spin atoms by inverting the map-
ping (i).

Long range interactions between anyons Let us now turn to the discussion of step
(ii). After the mapping step (i) we apply an off-resonant laser, which couples the logical
state |1〉 off-resonantly to the Rydberg state |r〉 (see figure 3.5), to all auxiliary atoms. The
Hamiltonian governing the internal dynamics of the auxiliary atoms is then given by

Haux =
∑
i

Ω(|1〉〈r|i + |r〉〈1|i) +
∑
i

∆|r〉〈r|i +
1

2

∑
i 6=j

Vij(rij)(|r〉〈r|i ⊗ |r〉〈r|j) (3.27)

The first two terms account for the laser coupling, while the last term contains all pairwise
interactions between two atoms i and j excited to the Rydberg state. Depending on the
choice of the state |r〉 these could be for instance purely repulsive dipole-dipole interactions
(if one works with permanent dipoles induced by a static electric field applied perpendicular
to the two-dimensional lattice) or Van-der-Waals interactions between appropriately chosen
s-states (see section 3.8 for details). Let us assume repulsive interactions Vij > 0 and work
in the far off-resonant red-detuned regime (∆ > 0 and ε = Ω/∆ � 1). Starting with all
auxiliary atoms initially in some state in the |0〉, |1〉 manifold (no Rydberg excitation at all),
we can then adiabatically eliminate all states containing one or more atoms in the Rydberg
state, and calculate the energy shift of the Rydberg-dressed ground state atoms up to fourth
order in the expansion parameter ε. This can be efficiently done using Brillouin-Wigner
perturbation theory (see e.g. [30]). The energy shift of the ground state |G〉 (some state in
the |0〉, |1〉-manifold) is given by

EG =
∞∑
n=0

En (3.28)

with

E1 = 〈G|V |G〉 (3.29)

E2 = 〈G|V gV |G〉 (3.30)

E3 = 〈G|V gV gV |G〉 − 〈G|V |G〉〈G|V g2V |G〉 (3.31)

E4 = 〈G|V gV gV gV |G〉 − 〈G|V gV |G〉〈G|V g2V |G〉
+〈G|V |G〉〈G|V |G〉〈G|V g3V |G〉
−〈G|V |G〉〈G|(V gV g2V + V g2V gV )|G〉 (3.32)

with the resolvent operator

g =
1− |G〉〈G|
E0 −H0

, (3.33)

the diagonal part

H0 =
∑
i

∆|r〉〈r|i +
1

2

∑
i 6=j

Vij(rij)(|r〉〈r|i ⊗ |r〉〈r|j) (3.34)

and the off-diagonal perturbation V , coupling states with a different number of Rydberg
excitations,

V =
∑
i

Ω(|1〉〈r|i + |r〉〈1|i) (3.35)
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of the Hamiltonian (3.27). In our case E0 = 0 and only the second and fourth-order correc-
tions contribute, yielding

E2 = −N Ω2

∆
,

E4 = N2 Ω4

∆3
− 4

Ω4

∆2

∑
i>j

1

2∆ + Vij
. (3.36)

Note that N denotes here the number of auxiliary atoms, which initially reside in the ground
state |1〉, and the sum is also only performed over this subset of all auxiliary atoms.

It is useful to write the Rydberg-Rydberg interaction Vij between two atoms i and j as
Vij = C/rαij and define a critical length scale

rc ≡
[
C

2∆

] 1
α

. (3.37)

Note that this distance is not the usual blockade radius (introduced when the ground to Ry-
dberg state transition is driven resonantly). Here, rc characterizes the distance at which the
crossover between a) the regime of reduced Rydberg-Rydberg interactions with the ”stan-
dard” distance dependence of van-der-Waals or dipole-dipole interaction between dressed
ground state atoms and b) a regime with universal distance independent interaction strengths
between auxiliary atoms takes place. Note that the validity of the perturbation theory is only
based on the assumption that Ω� ∆ (or, more strictly,

√
NΩ/∆� 1) such that the obtained

expressions are still valid for arbitrary values of Vij .

a) Standard regime of reduced Rydberg interactions. In the limit where Vij < ∆, or in
other words rij > rc, one can expand the expression for the energy shift of the ground state
and finds, up to fourth order,

(∆E)G = −N Ω2

∆
+N2 Ω4

∆3
− 4

Ω4

∆2

∑
i>j

1

2∆ + Vij

≈ −N Ω2

∆
+N2 Ω4

∆3
− 2

Ω4

∆3

∑
i>j

(
1− Vij

2∆

)

= −N Ω2

∆
+N2 Ω4

∆3
− 2

Ω4

∆3

N(N − 1)

2
+

Ω4

∆4

∑
i>j

Vij

= −N
(

Ω2

∆
− Ω4

∆3

)
+

Ω4

∆4

∑
i>j

Vij (3.38)

The energy shift is composed of trivial single particle Stark shifts up to fourth order, and the
pairwise Rydberg-Rydberg interactions, reduced by a factor ε4.

b) Universal, laser-dominated interaction regime. In the opposite limit, when all atoms
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are located within the critical radius rc, i.e. rij � rc, the energy shift becomes

(∆E)G = −N Ω2

∆
+N2 Ω4

∆3
− 4

Ω4

∆2

∑
i>j

1

2∆ + Vij

≈ −N Ω2

∆
+N2 Ω4

∆3

= −N
(

Ω2

∆
− Ω4

∆3

)
+

2Ω4

∆3

N(N − 1)

2
(3.39)

This can be identified as the single-particle Stark shifts up to fourth order and an effective,
pairwise infinite-range (α = 0) interaction of strength 2Ω4/∆3 between anyons. In this limit,
the effective interaction strength becomes independent of the actual value of the underlying
Rydberg-Rydberg interactions Vij . This can be easily understood as follows: For stronger and
stronger interactions, the only effect is that all states with more than one Rydberg excitation
are energetically pushed away and excluded from the accessible Hilbert space such that one
ends up with the effective two-level system consisting of the ground state |G〉 with N atoms
in |1〉 coupled by the collective Rabi frequency

√
NΩ and detuning ∆ to the super atom state

(1/
√
N)
∑

j |1, . . . , rj , . . . 1〉. This immediately reproduces the fourth order energy shift

(∆E)G = −(
√
NΩ)2

∆
+

(
√
NΩ)4

∆3
. (3.40)

In this limit the interaction strength is purely determined by the laser parameters. In figure
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Figure 3.6. For bare Rydberg interaction strengths Vij much larger than the detuning
∆ of the dressing lasers, the effective interaction strength V between atoms becomes
independent of their distance, and assumes the universal value corresponding to the weak
admixture of the single super-atom state, (∆E)G =. In this limit, the interaction energy
shift is purely determined by the laser parameters. In the opposite limit ∆ � Vij all
auxiliary atoms residing in the ground state |1〉 obtain a weak admixture of the Rydberg
state |r〉 and interact via the standard Rydberg-Rydberg interactions (e.g. dipole-dipole
interactions), but reduced by a factor of (Ω/∆)4.

3.6 the crossover between the universal regime of distance independent and reduced standard
Rydberg interactions is sketched.

Note that the single particle Stark shifts are nothing but energy shifts of the auxiliary atoms,
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which are anyway needed to simulate the plaquette onsite interactions (see the standard
Rydberg simulator scheme).

For the simulation of long-range interactions just one additional single laser pulse onto all
auxiliary atoms, without the need of individual addressing, is required. This could in practice
easily be done by combining the red laser driving off-resonantly the |1〉 ↔ |p〉 transition for
the single particle shifts (for the onsite plaquette interactions) with a simultaneously applied
blue laser driving the |p〉 ↔ |r〉 transition.

Error analysis

The main sources of imperfections during the simulation of the long-range interactions
are due to (i) radiative decay from the Rydberg state |r〉, and (ii) mechanical effects due
to strong forces in case two Rydberg atoms are excited at the same time. Another, non-
fundamental error source is scattering from the intermediate low-lying p-state, via which the
two-photon coupling from the ground state |1〉 to |r〉 is achieved. This standard decoherence
effect, however, can be made arbitrarily small by going far enough off-resonance from |p〉,
and will not be considered here.

Radiative decay of the Rydberg state.

In the limit Vij � ∆ the dressed ground state is approximately given by

|1, . . . , 1〉+

√
NΩ

∆

1√
N

∑
j

|1, . . . , rj , . . . , 1〉 (3.41)

which yields an effective decay rate γeff = N(Ω/∆)2γr. In order to imprint a phase shift
of order one, the dressing laser must be applied for a time T ∼ 1/(∆E)G ∼ ∆3/Ω4. The
probability for a radiative decay event during this time is therefore given by

γeffT ≈ N
Ω2

∆2
γr

∆3

Ω4
= N

∆

Ω

γr
Ω

(3.42)

which is much smaller than one provided a large Rabi frequency and a not too large number
N of auxiliary atoms residing in the ground state |1〉.

In the opposite limit of weak interactions the state of the system is approximately given
by (

|1〉+
Ω

∆
|r〉
)⊗N

≈ |1, . . . , 1〉+
Ω

∆

∑
j

|1, . . . , rj , . . . , 1〉 (3.43)

yielding the same effective decay rate. The time for imprinting a phase shift of order one is
in this case (∆/Ω)4/Vij Thereby the probability for a radiative decay is

γeffT ≈ N
Ω2

∆2
γr

(
∆

Ω

)4 1

Vij
= N

∆

Ω

γr
Ω

∆

Vij
, (3.44)

which is a factor of ∆/Vij larger than in the strongly interacting regime.

Mechanical Effects.

In case two atoms simultaneously reside in a Rydberg state, strong mechanical forces can
occur. In the strongly interacting regime (Vij � ∆) the ground state |G〉 with N atoms in
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|1〉 is coupled to the superatom state |S1〉 = 1√
N

∑
i |1, . . . , ri, . . . , 1〉 with the collective Rabi

frequency
√
NΩ. The energy of the state |S1〉 is ∆. This state is coupled to the superatom

state |S2〉 = 1√
N
√
N−1

∑
i<j |1, . . . , ri, . . . , rj , . . . , 1〉 containing two Rydberg excitations with

the Rabi frequency
√
N − 1Ω. The energy of the state |S2〉 is 2∆ + Vij ≈ Vij . This implies

that in a second order process the ground state |G〉 obtains an admixture of the state |S2〉
with a coefficient of the order √

NΩ
√
N − 1Ω

∆

1

Vij
(3.45)

Thus, the probability of finding two atoms simultaneously in |r〉 is

p2 ∼
N2Ω4

∆2V 2
ij

(3.46)

which is negligibly small, since
√
NΩ/∆� 1 and even more, Vij � ∆.

In the limit of weak interactions (Vij � ∆) the dressed ground state reads(
|1〉+

Ω

∆
|r〉
)⊗N

≈ |1, . . . , 1〉+ Ω

∆

∑
j

|1, . . . , rj , . . . , 1〉+
(

Ω

∆

)2∑
i<j

|1, . . . , ri, . . . , rj , j . . . , 1〉

(3.47)
Thus the probability of finding two Rydberg atoms simultaneously excited is

p2 =

(
Ω

∆

)4 N(N − 1)

2
(3.48)

which is a factor (∆/Vij)
2 larger than in the strongly interacting case, but still negligly small.

In conclusion, we find that both radiative decay and mechanical effects are strongly sup-
pressed. As in the analysis of the multi-particle gate discussed in [11], here we also find that
it is convenient to operate in the regime of strong interactions (here Vij � ∆), since here
interaction energy shifts are larger than for weak and interactions, and furthermore, double
excitation of Rydberg states is naturally suppressed, since these states become energetically
unaccessible.

Experimental parameters

In order to maximize the critical radius rc, within which the effective infinite-range in-
teraction description applies, it is convenient to work with long-range Rydberg-Rydberg in-
teractions, i.e. dipole-dipole interactions based on permanent dipole moments induced by a
static electric field, instead of the more short-range van-der-Waals interactions. The optimal
set of parameters is then a determined as a compromise between a large value for rc on the
one hand (i.e. a not too large detuning ∆ in order to stay within the limit ∆ < Vij), and at
the same time not too small interaction energy shifts, which would increase the time needed
to imprint phase shifts and thus reduce the energy scale of the simulated Hamiltonians. One
possibility is to work with the extremal Rydberg states undergoing a linear Stark effect. The
associated dipole moments of the states can be estimated (using the expression for hydrogen)
as d0 = (3/2)e0a0n(n−1), with n the principal quantum number. This yields a critical radius

rc =

(
C

2∆

)1/3

≈
[(

3
2

)2
a2

0e
2
0

8πε0

]1/3(
n4

∆

)1/3

(3.49)
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Choosing n = 80, a detuning ∆ = 2π~×100 MHz, a single atom Rabi frequency ∆ = 2π~×10
MHz (and thus ε = 0.1) yields a critical radius rc ≈ 7.6 µm and an interaction energy
scale 2π~/T ∼ 2π~∆3/Ω4 ∼ 10 kHz for atoms not further separated than rc. For a large
spacing optical lattice with a lattice constant of ∼ 1.5 µm, where individual addressing is
feasible, this implies that the region of universal strong interactions covers of the order of
5 × 5 plaquettes. Significantly larger regions are possible if the lattice spacing is reduced
(if individual addressing is not required), if the characteristic interaction energy scale (and
thus the speed of the simulator) is decreased, if one works with Rydberg states of larger
principle quantum number n, or by simply working in the regime of reduced standard Rydberg
interactions Veff = (Ω/∆)4Vij .

It is straightforward to show that for the given set of parameters the dominant imperfec-
tions due to radiative decay and mechanical effects discussed in section 3.8 are negligible.
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[41] Chesi S., Röthlisberger B., Loss D. A Self-Correcting Quantum Memory in a Thermal
Environment. Phys. Rev. A 82, 022305 (2010).





Part III

Open-System Quantum Simulation
with Trapped Ions





Chapter 4

Preprint

An Open-System Quantum Simulator with Trapped Ions†

accepted for publication in Nature

Julio T. Barreiro*,1, Markus Müller*,2,3, Philipp Schindler1, Daniel Nigg1, Thomas Monz1,
Michael Chwalla1,2, Markus Hennrich1, Christian F. Roos1,2, Peter Zoller2,3 and Rainer

Blatt1,2

1) Institut für Experimentalphysik, Universität Innsbruck, Technikerstr. 25, 6020
Innsbruck, Austria

2) Institut für Quantenoptik und Quanteninformation, Österreichische Akademie der
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The control of quantum systems is of fundamental scientific interest and promises
powerful applications and technologies. Impressive progress has been achieved in iso-
lating the systems from the environment and coherently controlling their dynamics, as
demonstrated by the creation and manipulation of entanglement in various physical sys-
tems. However, for open quantum systems, engineering the dynamics of many particles by
a controlled coupling to an environment remains largely unexplored. Here we report the
first realization of a toolbox for simulating an open quantum system for up to five qubits.
Using a quantum computing architecture with trapped ions, we combine multi-qubit gates
with optical pumping to implement coherent operations and dissipative processes. We il-
lustrate this engineering by the dissipative preparation of entangled states, the simulation
of coherent many-body spin interactions and the quantum non-demolition measurement
of multi-qubit observables. By adding controlled dissipation to coherent operations, this
work offers novel prospects for open-system quantum simulation and computation.

Every quantum system is inevitably coupled to its surrounding environment. Significant
progress has been made in isolating systems from their enviroment and coherently control-
ling the dynamics of several qubits [1–4]. These achievements have enabled the realization of

†Together with JB, the author of the present thesis took the lead in conceiving the experiment and guiding
the project. He derived the circuit decompositions used in the experiment, performed all calculations presented
in this publication and the supplementary information, except the ones related to analysis of experimental
data, and was also strongly involved in writing the paper.
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high-fidelity quantum gates, the implementation of small-scale quantum computing and com-
munication devices as well as the measurement-based probabilistic preparation of entangled
states, in atomic [5, 6], photonic [7], NMR [8] and solid-state setups [9–11]. In particular,
successful demonstrations of quantum simulators [12, 13], which allow one to mimic and study
the dynamics of complex quantum systems, have been reported [14].

In contrast, controlling the more general dynamics of open systems amounts to engi-
neering both the Hamiltonian time evolution of the system as well as the coupling to the
environment. In previous works [15–18], controlled decoherence has been used to systemati-
cally study its detrimental effects on many-body or multi-qubit open systems. The ability to
design dissipation can, however, be a useful resource, as in the context of the preparation of a
desired entangled state from an arbitrary initial state [19–21], and, closely related, dissipative
quantum computation [22] and quantum memories [23]. It also enables the preparation and
manipulation of many-body states and quantum phases [24], and provides an enhanced sen-
sitivity in precision measurements [25]. In particular, by combining suitably chosen coherent
and dissipative operations, one can engineer the system-environment coupling, thus general-
izing the concept of Hamiltonian quantum simulation to open quantum systems [13, 26].

Here we provide the first experimental demonstration of a toolbox of coherent and dissipa-
tive multi-qubit manipulations to control the dynamics of open systems. In a string of trapped
ions, each ion encoding a qubit, we subdivide the qubits into “system” and “environment”.
The system-environment coupling is then engineered through the universal set of quantum
operations available in ion-trap quantum computers [27, 28], whereas the environment ion is
coupled to the dissipative bath of vacuum modes of the radiation field via optical pumping.
Following Ref. [22] (see also [29]) these quantum resources provide a complete toolbox to
engineer general Markovian open-system dynamics in our multi-qubit system [26, 30].

We first illustrate this engineering by dissipatively preparing a Bell state in a 2+1 ion sys-
tem, such that an initially fully mixed state is pumped into a given Bell state. Similarly, with
4+1 ions, we also dissipatively prepare a 4-qubit GHZ-state, which can be regarded as a min-
imal instance of Kitaev’s toric code [31]. Besides the dissipative elements, we show coherent
n-body interactions by implementing the fundamental building block for 4-spin interactions.
In addition, we demonstrate a readout of n-particle observables in a non-destructive way with
a quantum-nondemolition (QND) measurement of a 4-qubit stabilizer operator. We conclude
by outlining future perspectives and implications of the present work in quantum informa-
tion processing and simulation, as well as open-system quantum control scenarios including
feedback [26].

4.1 Open-System Quantum Dynamics and Bell-State “Pump-
ing”

The dynamics of an open quantum system S coupled to an environment E can be described
by the unitary transformation ρSE 7→ UρSEU

†, with ρSE the joint density matrix of the
composite system S + E. Thus, the reduced density operator of the system will evolve as
ρS = TrEUρSEU

†. The time evolution of the system can also be described by a completely
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positive Kraus map

ρS 7→ E(ρS) =
∑
k

EkρSE
†
k (4.1)

with Ek operation elements satisfying
∑

k E
†
kEk = 1 [32]. If the system is decoupled from

the environment, the general map (4.1) reduces to ρS 7→ USρSU
†
S , with US the unitary time

evolution operator acting only on the system.

Control of both coherent and dissipative dynamics is then achieved by finding correspond-
ing sequences of maps (4.1) specified by sets of operation elements {Ek} and engineering
these sequences in the laboratory. In particular, for the example of dissipative quantum-
state preparation, pumping to an entangled state |ψ〉 reduces to implementing appropriate
sequences of dissipative maps. These maps are chosen to drive the system to the desired tar-
get state irrespective of its initial state. The resulting dynamics have then the pure state |ψ〉
as the unique attractor, ρS 7→ |ψ〉〈ψ|. In quantum optics and atomic physics, the techniques
of optical pumping and laser cooling are successfully used for the dissipative preparation of
quantum states, although on a single-particle level. The engineering of dissipative maps for
the preparation of entangled states can be seen as a generalization of this concept of pumping
and cooling in driven dissipative systems to a many-particle context. To be concrete, we fo-
cus on dissipative preparation of stabilizer states, which represent a large family of entangled
states, including graph states and error-correcting codes [33].

We start by outlining the concept of Kraus map engineering for the simplest non-trivial
example of “pumping” a system of two qubits into a Bell state. The Hilbert space of two
qubits is spanned by the four Bell states defined as |Φ±〉 = 1√

2
(|00〉 ± |11〉) and |Ψ±〉 =

1√
2
(|01〉 ± |10〉). Here, |0〉 and |1〉 denote the computational basis of each qubit, and we use

the short-hand notation |00〉 = |0〉1|0〉2, for example. These maximally entangled states are
stabilizer states: the Bell state |Φ+〉, for instance, is said to be stabilized by the two stabilizer
operators Z1Z2 and X1X2, where X and Z denote the usual Pauli matrices, as it is the only
two-qubit state being an eigenstate of eigenvalue +1 of these two commuting observables,
i.e. Z1Z2|Φ+〉 = |Φ+〉 and X1X2|Φ+〉 = |Φ+〉. In fact, each of the four Bell states is uniquely
determined as an eigenstate with eigenvalues ±1 with respect to Z1Z2 and X1X2. The key
idea of pumping is that we can achieve dissipative dynamics which pump the system into
a particular Bell state, for example ρS 7→ |Ψ−〉〈Ψ−|, by constructing two dissipative maps,
under which the two qubits are irreversibly transferred from the +1 into the -1 eigenspaces
of Z1Z2 and X1X2.

The dissipative maps are engineered with the aid of an ancilla ”environment” qubit [26, 34]
and a quantum circuit of coherent and dissipative operations. The form and decomposition
of these maps into basic operations are discussed in boxes 1a and b. The pumping dynamics
are determined by the probability of pumping from the +1 into the -1 stabilizer eigenspaces,
which can be directly controlled by varying the parameters in the employed gate operations.
For pumping with unit probability (p = 1), the two qubits reach the target Bell state —
regardless of their initial state — after only one pumping cycle, i.e., by a single application
of each of the two maps. In contrast, when the pumping probability is small (p � 1), the
process can be regarded as the infinitesimal limit of the general map (4.1). In this case,
the system dynamics under a repeated application of the pumping cycle are described by a



106 Preprint: An Open-System Quantum Simulator with Trapped Ions

master equation [35]

ρ̇S = −i[HS , ρS ] (4.2)

+
∑
k

(
ckρSc

†
k −

1

2
c†kckρS − ρS

1

2
c†kck

)
.

Here, HS is a system Hamiltonian, and ck are Lindblad operators reflecting the system-
environment coupling. For the purely dissipative maps discussed here, HS = 0. Quantum
jumps from the +1 into the -1 eigenspace of Z1Z2 and X1X2 are mediated by a set of two-
qubit Lindblad operators (see boxes 1a and b for details); here the system reaches the target
Bell state asymptotically after many pumping cycles.

Box 1a: Engineering dissipative open-system dynamics: Concept

Dissipative dynamics which pump two qubits from an arbitrary initial state into the Bell
state |Ψ−〉 are realized by two maps that generate pumping from the +1 into the -1
eigenspaces of the stabilizer operators Z1Z2 and X1X2:

⎥Ψ+〉

⎥Ψ-〉

⎥Φ+〉

⎥Φ-〉

Z1Z2+1 -1

-1

⎥Ψ+〉

⎥Ψ-〉

⎥Φ+〉

⎥Φ-〉

X 1X
2

+1

For Z1Z2, the dissipative map pumping into the -1 eigenspace is ρS 7→ E(ρS) = E1ρSE
†
1 +

E2ρSE
†
2 with

E1 =
√
pX2

1

2
(1 + Z1Z2) ,

E2 =
1

2
(1− Z1Z2) +

√
1− p 1

2
(1 + Z1Z2) .

The map’s action as a uni-directional pumping process can be seen as follows. Since the
operation element E1 contains the projector 1

2(1 +Z1Z2) onto the +1 eigenspace of Z1Z2,
the spin flip X2 can then convert +1 into -1 eigenstates of Z1Z2, e.g., |Φ+〉 7→ |Ψ+〉. In
contrast, the -1 eigenspace of Z1Z2 is left invariant. In the limit p � 1, the repeated
application of this map reduces the process to a master equation with Lindblad operator
c = 1

2X2(1− Z1Z2).

4.2 Experimental Bell-State Pumping

The dissipative preparation of n-particle entangled states is realized in a system of n+1 40Ca+

ions confined to a string by a linear Paul trap and cooled to the ground state of the axial
centre-of-mass mode [36]. For each ion, the internal electronic Zeeman levels D5/2(m = −1/2)
and S1/2(m = −1/2) encode the logical states |0〉 and |1〉 of a qubit. For coherent operations,
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Box 1b: Engineering dissipative open-system dynamics: Implementation

We implement the two dissipative maps by quantum circuits of three unitary
operations (i)-(iii) and a dissipative step (iv). Both maps act on the two
system qubits S and an ancilla which plays the role of the environment E:

1

⎥1〉 0 ⎥1〉

2 UX(p)M
(Z

1Z
2)

M
-1
(Z

1Z
2)

(i) (ii) (iii) (iv)

M
(X

1X
2)

M
-1
(X

1X
2)

(i) (ii) (iii) (iv)

E

S

⎥1〉

Z1Z2(p) X1X2(p)

UZ(p)

Pumping Z1Z2 proceeds as follows:
(i) Information about whether the system is in the +1 or -1 eigenspace of Z1Z2 is

mapped by M(Z1Z2) onto the logical states |0〉 and |1〉 of the ancilla (initially in |1〉).
(ii) A controlled gate C(p) converts +1 into -1 eigenstates by flipping the state of the

second qubit with probability p, where

C(p) = |0〉〈0|0 ⊗ UX2(p) + |1〉〈1|0 ⊗ 1,

with UX2(p) = exp(iαX2) and p = sin2 α.
(iii) The initial mapping is inverted by M−1(Z1Z2). At this stage, in general, the

ancilla and system qubits are entangled.
(iv) The ancilla is dissipatively reset to |1〉, which carries away entropy to “cool” the

two system qubits.
The second map for pumping into the -1 eigenspace of X1X2 is obtained from inter-

changing the roles of X and Z above.

The engineering of dissipative maps can be readily generalized to systems of more
qubits. As an example, dissipative preparation of n-qubit stabilizer states can be realized
by a sequence of n dissipative maps (e.g. for Z1Z2 and X1X2X3X4 pumping), which are
implemented in analogy to the quantum circuits for Bell state pumping discussed above:

0

4

n

2

1

...

⎥1〉

Z 1Z
2(p

)

...

X 1X
2X

3X
4(p

)

X1X2X3X4

Z 1Z
2
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a laser at a wavelength of 729 nm excites the quadrupole transition connecting the qubit states
(S1/2 ↔ D5/2). A broad beam of this laser couples to all ions (see Fig. 4.1a) and realizes

the collective single-qubit gate UX(θ) = exp(−i θ2
∑

iXi) as well as a Mølmer-Sørensen [37]

(MS) entangling operation UX2(θ) = exp(−i θ4(
∑

iXi)
2) when using a bichromatic light field.

Shifting the optical phase of the drive field by π/2 exchanges Xi by Yi in these operations.
As a figure of merit of our entangling operation, we can prepare 3 (5) qubits in a GHZ state
with 98% (95%) fidelity [38]. These collective operations form a universal set of gates when
used in conjuction with single-qubit rotations UZi(θ) = exp(−i θ2Zi), which are realized by an
off-resonant laser beam that can be adjusted to focus on any ion.

For engineering dissipation, the key element of the mapping steps, shown as (i) and (iii)
in Box 1, is a single MS operation. The two-qubit gate, step (ii), is realized by a combination
of collective and single-qubit operations. The dissipative mechanism, step (iv), is here carried
out on the ancilla qubit by a reinitialization into |1〉, as shown in Fig. 4.1b. Another dissipative
process [39] can be used to prepare the system qubits in a completely mixed state by the
transfer |0〉 → (|0〉+ |S′〉)/

√
2 followed by optical pumping of |S′〉 into |1〉, where |S′〉 is the

electronic level S1/2(m = 1/2).

Qubit read-out is accomplished by fluorescence detection on the S1/2 ↔ P1/2 transition.
The ancilla qubit can be measured without affecting the system qubits by applying hiding
pulses that shelve the system qubits in the D5/2 state manifold during fluoresence detec-
tion [40].

We use these tools to implement up to three Bell-state pumping cycles on a string of 2+1
ions. Starting with the two system qubits in a completely mixed state, we pump towards
the Bell state |Ψ−〉. Each pumping cycle is accomplished with a sequence of 8 entangling
operations, 4 collective unitaries and 6 single-qubit operations; see the Supplementary In-
formation. The pumping dynamics are probed by quantum state tomography of the system
qubits after every half cycle. The reconstructed states are then used to map the evolution of
the Bell-state populations.

In a first experiment, we set the pumping probability at p = 1 to observe deterministic
pumping, and we obtain the Bell-state populations shown in Fig. 4.2a. As expected, the
system reaches the target state after the first pumping cycle. Regardless of experimental
imperfections, the target state population is preserved under the repeated application of
further pumping cycles and reaches up to 91(1)% after 1.5 cycles (ideally 100%). In a second
experiment towards the simulation of master-equation dynamics, the probability is set at
p = 0.5 to probe probabilistic pumping dynamics. The target state is then approached
asymptotically (Fig. 4.2b). After pumping the system for 3 cycles with p = 0.5, up to 73(1)%
of the initially mixed population pumps into the target state (ideally 88%). To achieve Bell-
state pumping in the limit of p� 1, the gate fidelities need to be raised closer to one because
close to the stationary state of the dynamics, the pumping rate p for populating the target
state competes directly with loss processes at a rate ε. Such losses are associated with gate
errors and lead to a steady state infidelity scaling as ∝ ε/p, see Supplementary Information
for further details.

In order to completely characterize the Bell-state pumping process, we also perform a
quantum process tomography [32]. As an example, the reconstructed process matrix for
p = 1 after 1.5 cycles (Fig. 4.2c) has a Jamiolkowski process fidelity [41] of 87.0(7)% with the
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Figure 4.1. Experimental tools for the simulation of open quantum systems
with ions. a, The coherent component is realized by collective (UX , UY , UX2 , UY 2) and
single-qubit operations (UZi) on a string of 40Ca+ ions which consists of the environment
qubit (ion 0) and the system qubits (ions 1 through n). Coherent operations on S and E,
combined with a controllable dissipative mechanism involving spontaneous emission of a
photon from the environment ion, allow one to tailor the coupling of the system qubits to
an artificial environment. This should be contrasted to the residual, detrimental coupling
of the system (and environment) ions to their physical environment. b, The dissipative
mechanism on the ancilla qubit is realized in the two steps shown on the Zeeman-split
40Ca+ levels by (1) a coherent transfer of the population from |0〉 to |S′〉 and (2) an
optical pumping to |1〉 after a transfer to the 42P1/2 state by a circularly-polarised laser
at 397 nm.

ideal dissipative process ρS 7→ |Ψ−〉〈Ψ−| which maps an arbitrary state of the system into
the Bell state |Ψ−〉.

4.3 Four-Qubit Stabilizer Pumping

The engineering of the system-environment coupling, as demonstrated by Bell-state pumping
above, can be readily extended to larger n-qubit open quantum systems. We illustrate such
an engineering experimentally with the dissipative preparation of a four-qubit Greenberger-
Horne-Zeilinger (GHZ) state (|0000〉+ |1111〉)/

√
2. This state is uniquely characterized as the

simultaneous eigenstate of the four stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4, all with
eigenvalue +1 (see Fig. 4.3a). Therefore, the pumping dynamics into the GHZ state are real-
ized by four consecutive dissipative steps, each pumping the system into the +1 eigenspaces
of the four stabilizers. In a system of 4+1 ions, we implement such pumping dynamics in
analogy with the Bell-state pumping sequence. Here, however, the circuit decomposition of
one pumping cycle involves 16 five-ion entangling operations, 20 collective unitaries and 34
single-qubit operations; further details in the Supplementary Information.

In order to observe this deterministic pumping process into the GHZ state, we be-
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Figure 4.2. Experimental signatures of Bell-state pumping. Evolution of the
Bell-state populations |Φ+〉 (down triangles), |Φ−〉 (circles), |Ψ+〉 (squares) and |Ψ−〉
(up triangles) of an initially mixed state under a pumping process with probability a,
p = 1 or deterministic and b, p = 0.5. Error bars, not shown, are smaller than 2%
(1σ). c, Reconstructed process matrix χ (real part), displayed in the Bell-state basis,
describing the deterministic pumping of the two ions after one and a half cycles. The
ideal process mapping any input state into the state |Ψ−〉 has as non-zero elements only
the four transparent bars shown. The imaginary elements of χ, ideally all zero, have an
average magnitude of 0.004 and a maximum of 0.03. The uncertainties in the elements
of process matrix are smaller than 0.01 (1σ).

gin by preparing the system ions in a completely mixed state. The evolution of the
state of the system after each pumping step is characterized by quantum state tomogra-
phy. The reconstructed density matrices shown in Fig. 4.3b for the initial and subsequent
states arising in each step have a fidelity, or state overlap [42], with the expected states
of {79(2),89(1),79.7(7),70.0(7),55.8(4)}% (the final state is genuinely multi-partite entan-
gled [43]); see Supplementary Information for further details. The pumping dynamics is
clearly reflected by the measured expectation values of the stabilizers ZiZj (ij = 12, 23, 34, 14)
and X1X2X3X4 at each step, as shown in Fig. 4.3c.

Although the simulation of a master equation requires small pumping probabilities, as an
exploratory study, we implement up to five consecutive X1X2X3X4-stabilizer pumping steps
with two probabilities p = 1 and 0.5, for the initial state |1111〉. The measured expectation
values of all relevant stabilizers for pumping with p = 1 are shown in Fig. 4.3d. After the first
step, the stabilizer X1X2X3X4 reaches an expectation value of -0.68(1); after the second step
and up to the fifth step, it is preserved at -0.72(1) regardless of experimental imperfections.

For X1X2X3X4-stabilizer pumping with p = 0.5, the four-qubit expectation value in-
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Figure 4.3. Experimental signatures of four-qubit stabilizer pumping. a,
Schematic of the four system qubits to be pumped into the GHZ state (|0000〉 +
|1111〉)/

√
2, which is uniquely characterized as the simultaneous eigenstate with eigen-

value +1 of the shown stabilizers. b, Reconstructed density matrices (real part) of the
initial mixed state ρmixed and subsequent states ρ1,2,3,4 after sequentially pumping the
stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4. Populations in the initial mixed state with
qubits i and j antiparallel, or in the -1 eigenspace of the ZiZj stabilizer, disappear after
pumping this stabilizer into the +1 eigenspace. For example, populations in dark blue
dissappear after Z1Z2-stabilizer pumping. A final pumping of the stabilizer X1X2X3X4

builds up the coherence between |0000〉 and |1111〉, shown as red bars in the density
matrix of ρ4. c, Measured expectation values of the relevant stabilizers; ideally, non-zero
expectation values have a value of +1. d, Evolution of the measured expectation values
of the relevant stabilizers for repetitively pumping an initial state |1111〉 with probability
p = 0.5 into the -1 eigenspace of the stabilizer X1X2X3X4. The incremental pumping is
evident by the red line fitted to the pumped stabilizer expectation value. The evolution
of the expectation value 〈X1X2X3X4〉 for deterministic pumping (p = 1) is also shown.
The observed decay of 〈ZiZj〉 is due to imperfections and detrimental to the pumping
process (see Supplementary Information). Error bars in c and d, ±1σ.

creases at each step and asymptotically approaches -0.54(1) (ideally -1, fit shown in Fig. 4.3d).
A state tomography after each pumping step yields fidelities with the expected GHZ-state of
{53(1), 50(1), 49(1), 44(1), 41(1)}%. From the reconstructed density matrices we determine
that the states generated after one to three cycles are genuinely multi-partite entangled [43].

4.4 Coherent Four-Particle Interactions

The coupling of the system to an ancilla particle, as used above for the engineering of dis-
sipative dynamics, can also be harnessed to mediate effective coherent n-body interactions
between the system qubits [32, 34]. The demonstration of a toolbox for open-system quantum

simulation is thus complemented by adding unitary maps ρS 7→ USρSU
†
S to the dissipative
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elements described above. Here, US = exp(−iτHS) is the unitary time evolution operator
for a time step τ , which is generated by a system Hamiltonian HS . In contrast to the recent
achievements [44, 45] of small-scale analog quantum simulators based on trapped ions, where
two-body spin Hamiltonians have been engineered directly [46] (or three-body in NMR [47]),
here we pursue a gate-based implementation following the concept of Lloyd’s digital quan-
tum simulator [13], where the time evolution is decomposed into a sequence of coherent (and
dissipative) steps.

In particular, the available gate operations enable a simulation of n-body spin inter-
actions which we illustrate by implementing time dynamics of a four-body Hamiltonian
HS = −gX1X2X3X4. This example is motivated by the efforts to experimentally realize
Kitaev’s toric code Hamiltonian [31], which is a sum of commuting four-qubit stabilizer oper-
ators representing four-body spin interactions. This paradigmatic model belongs to a whole
class of spin systems, which have been discussed in the context of topological quantum com-
puting and quantum phases exhibiting topological order [48].

The elementary unitary operation US can be realized by the circuit shown in Fig. 4.4a:
(i) As in the stabilizer pumping above, an operation M(X1X2X3X4), here realized by an
entangling MS gate UX2(π/2), coherently maps the information about whether the four
system spins are in the +1(-1) eigenspace of X1X2X3X4 onto the internal states |0〉 and
|1〉 of the ancilla qubit. (ii) Due to this mapping, effectively all +1 (-1) eigenstates acquire
a phase β/2 (−β/2) by a subsequent single-qubit rotation UZ(β) on the ancilla ion. The
simulation time step τ is related to the phase by β = 2gτ . (iii) After the initial mapping
is inverted by a second MS gate UX2(π/2), the ancilla qubit returns to its initial state and
decouples from the four system qubits, which in turn have evolved according to US . This
compact sequence makes the simulation of n-body interactions experimentally efficient. Here,
the use of global MS gates conveniently bundles the effect of several operations [49], which
arise in alternative circuit decompositions based on two-qubit gates [32].

In an experiment carried out with 4+1 ions, we apply US for different values of τ to the
system ions initially prepared in |1111〉. We observe coherent oscillations in the subspace
spanned by |0000〉 and |1111〉, as shown in Fig. 4.4b. We characterize our implementation of
US by comparing the expected and measured states, determined by quantum state tomogra-
phy, for each value of τ . The fidelity between the expected and measured states is on average
85(2)%.

4.5 QND Measurement of Four-Qubit Stabilizer Operators

Our toolbox for quantum simulation of open systems is extended by the possibility of reading
out n-body observables in a nondestructive way, which is also an essential ingredient in
quantum error correction protocols. Here, we illustrate this for a 4-qubit stabilizer operator
X1X2X3X4. As above, we first coherently map the information about whether the system
spins are in the +1(-1) eigenspace of the stabilizer operator onto the logical states |0〉 and |1〉
of the ancilla qubit. In contrast to the engineering of coherent and dissipative maps above,
where this step was followed by single-and two-qubit gate operations, here we proceed instead
by measuring the ancilla qubit.
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Figure 4.4. Coherent simulation of 4-body spin interactions. a, The elementary
building block for the simulation of coherent evolution US = exp(−iτHS) corresponding
to the four-body Hamiltonian HS = −gX1X2X3X4 (β = 2gτ). b, Experimentally
measured populations in state |0000〉 (up triangles) and |1111〉 (circles) as a function of
β for a single application of US to the initial state |1111〉 of the four system qubits (error
bars, ±1σ). The solid lines show the ideal behavior. For comparison, the dashes lines
indicate these populations for simultaneous single-qubit (one-body) oscillations, each
driven by the rotation exp(−iβ2Xi).

Thus, depending on the measurement outcome for the ancilla, the system qubits are pro-
jected onto the corresponding eigenspace of the stabilizer: ρS 7→ P+ρSP+/N+ (P−ρSP−/N−)
for finding the ancilla in |0〉 (|1〉) with the normalization factor N± = Tr(P±ρSP±). Here,
P± = 1

2(1±X1X2X3X4) denote the projectors onto the ±1 eigenspaces of the stabilizer op-
erator. Note that our measurement is QND in the sense that (superposition) states within
one of the two eigenspaces are not affected by the measurement.

In the experiment with 4+1 ions, we prepare different four-qubit system input states
(tomographically characterized in additional experiments), carry out the QND measurement
and tomographically determine the resulting system output states.

To characterize how well the measurement device prepares a definite state, we use as input
|1111〉, which is a non-eigenstate of the stabilizer. In this case, when the ancilla qubit is found
in |0〉 or |1〉 the system qubits are prepared in the state (|0000〉 ± |1111〉)/

√
2 by the QND

measurement. Experimentally we observe this behaviour with a quantum state preparation
(QSP) fidelity [50] of FQSP = 73(1)%. On the other hand, for a stabilizer eigenstate, the
QND measurement preserves the stabilizer expectation value. Experimentally, for the input
state (|0011〉 − |1100〉)/

√
2, we observe a QND fidelity [50] of FQND = 96.9(6)%. For more

details see the Supplementary Information.

4.6 Outlook

In the present work we have demonstrated engineering of dissipative Kraus maps for Bell-
state and four-qubit stabilizer pumping. These particular examples exploited the available
quantum resources by coupling the system qubits to an ancilla by a universal set of entangling
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operations. The engineered environment was here represented by an ancilla ion undergoing
optical pumping by dissipative coupling to the vacuum modes of the radiation field. These
experiments, where the ancilla remains unobserved, represent an open-loop dynamics. Such
scenarios were recently discussed in the context of an open-system quantum simulator for spin
models, including lattice gauge theories, realized with Rydberg atoms in optical lattices. In
fact, according to Ref. [29], four-qubit stabilizer pumping together with four-spin interactions
demonstrates the basic ingredients for the simulation of spin dynamics and ground-state
cooling for the example of Kitaev’s toric code Hamiltonian [31] on a single four-spin plaquette.

For a closed system only a small number of Hamiltonians as generators are required to
generate all possible unitary time evolutions. In the context of qubits this is given by a finite
set of single qubit operations together with an entangling CNOT gate. In contrast, as noted
in Ref. [26, 30], using a single ancilla qubit the most general Markovian open-system dynam-
ics cannot be obtained with a finite set of non-unitary open-loop transformations. However,
such a universal dynamical control can be achieved through repeated application of coherent
control operations and measurement of the auxiliary qubit, followed by classical feedback
operations onto the system. We note that our demonstration of a multi-qubit QND measure-
ment provides, in combination with our previously demonstrated feedback techniques [51],
the basic ingredient for the realization of such closed-loop dynamics.

Our experimental demonstration of a toolbox of elementary building blocks in a system of
trapped ions should be seen as a conceptual step towards the realization of an open quantum
system simulator with applications in various fields [14], including condensed-matter physics
and quantum chemistry, possibly in modelling quantum effects in biology [52], and in quantum
computation driven by dissipation [22].

Although the present experiments were performed with a linear ion-trap quantum com-
puter architecture, the ongoing development of two-dimensional trap arrays promises scalable
implementations of spin-models simulators. The demonstrated concepts can also be readily
adapted to other physical platforms ranging from optical, atomic and molecular systems to
solid-state devices.
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4.9 Supplementary Information: Bell-State Pumping

4.9.1 Implemented Kraus Maps

The Bell state |Ψ−〉 is not only uniquely determined as the simultaneous eigenstate with
eigenvalue -1 of the two stabilizer operators X1X2 and Z1Z2 (as mentioned in the text),
but also by X1X2 and Y1Y2. In the experiment, we implemented pumping into |Ψ−〉 by

engineering the two Kraus maps ρS 7→ E1ρSE
†
1 + E2ρSE

†
2 and ρS 7→ E′1ρSE

′
1
† + E′2ρSE

′
2
†,

where

E1 =
√
p Y1

1

2
(1 +X1X2) , (4.3)

E2 =
1

2
(1−X1X2) +

√
1− p 1

2
(1 +X1X2) (4.4)

E′1 =
√
pX1

1

2
(1 + Y1Y2) , (4.5)

E′2 =
1

2
(1− Y1Y2) +

√
1− p 1

2
(1 + Y1Y2) , (4.6)

which generate pumping into the -1 eigenspaces of X1X2 and Y1Y2 (instead of pumping into
the eigenspaces of X1X2 and Z1Z2 as explained in Box 1 of the main text). The reason for
pumping into the eigenspaces of X1X2 and Y1Y2 is that the mapping and unmapping steps,
shown as (i) and (iii) in Box 1, are realized by a single MS gate UX2(π/2) and UY 2(π/2),
respectively.

4.9.2 Circuit Decomposition

The map for pumping into the -1 eigenspace of X1X2 can be realized by the unitary

UX2(π/2)C(p)UX2(π/2) (4.7)

(corresponding to steps (i) - (iii) in Box 1) followed by optical pumping of the ancilla qubit
to |1〉. Here, the two-qubit controlled gate is

C(p) = |0〉〈0|0 ⊗ exp(iαZ1) + |1〉〈1|0 ⊗ 1

= exp

[
1

2
(1 + Z0)iαZ1

]
= UZ1(−α)UY (π/2)U

(0,1)
X2 (−α)UY (−π/2) (4.8)

where U
(0,1)
X2 (−α) = exp(i(α/2)X0X1) denotes an MS gate acting only on the ancilla and the

first system qubit. This two-qubit MS gate operation was implemented in the experiment by

the use of refocusing techniques [1]. In more detail, the gate U
(0,1)
X2 was realized by interspers-

ing two of the available three-qubit MS gate operations with single-ion light shifts on the
second system qubit which induces a π-phase shift between the qubit states. Alternatively,
this refocusing could be avoided, and the sequences further simplified, by hiding the popula-
tion of individual ions (here the second system ion) which are not supposed to participate in
collective coherent operations in electronic levels decoupled from the driving laser excitation.
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More details on how to systematically decompose Kraus maps into the experimentally avail-
able ion-trap gate operations, in particular the multi-ion MS entangling gate, can be found
in [2].

The circuit decompositions for the actual experimental implementation of the two maps
are shown in Fig. 4.5. They differ from the two quantum operations, which are specified in
Eqs. (4.3)-(4.6), by two single-ion rotations. They arise since the circuit has been slightly
modified (by changing the phase of one of the global Y -rotations) at the expense of im-
plementing in addition in each dissipative map a flip operation Y1Y2 on the two system
qubits. However, as this additional unitary corresponds to one of the stabilizers into whose
-1 eigenspace the pumping is performed, this does not interfere with the pumping dynamics.

Pumping with unit pumping probability p = 1 corresponds to α = π/2, whereas p = 0.5
is realized by setting α = π/4. In the experiment, the ”fundamental” MS gate was calibrated
to implement UX2(α/2). The fully entangling operation UX2(π/2) at the beginning and the
end of the sequence Fig. 4.5a was then implemented by applying the UX2(α/2) operation
twice (for p = 1) or four times (for p = 0.5). The fully entangling operations UY 2(π/2) in
Fig. 4.5b were implemented by two- and four-fold application of the ”fundamental” MS gate
with a shifted optical phase of the driving laser (cf. Section 2 in the main text).
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Figure 4.5. Experimental sequences for Bell-state pumping. Pumping into
the eigenspaces of eigenvalue -1 of X1X2 (circuit a,) and Y1Y2 (circuit b,) occurs with
a probability p in each step, where sin2 α = p. The circuit is up to two local rotations
equivalent to the quantum operations specified in Eqs. (4.3)-(4.6).

4.9.3 Towards Master Equation Dynamics

For an implementation of pumping dynamics with small pumping probabilities p � 1, de-
scribed by a multi-qubit master equation with two-qubit quantum jump operators, several
requirements have to be met:

From a practical point of view, to reach the desired target Bell state via pumping with
small pumping probabilities p requires increased gate fidelities as more time steps are needed



120 Preprint: An Open-System Quantum Simulator with Trapped Ions

to come close to the steady state of the repeated pumping dynamics. This implies that
processes, such as e.g. decay of population into decoupled electronic states, which correspond
to “leakage” out of the logical Hilbert space, have to be kept small after a larger number of
gate operations. More fundamentally, once the system approaches the vicinity of the target
state, the errors in the implementation of the dissipative maps hinder the system from coming
closer to the target state. Here, a balance between pumping towards and repulsion from the
target state builds up, which is closely related to the error level and the chosen pumping
probability: here the pumping rate p for populating the target state competes with the loss
processes at a rate ε due to implementation errors. This competition leads to a steady state
infidelity scaling as ∝ ε/p.

In the experiment on Bell state pumping into |Ψ−〉 at a pumping rate p = 0.5, we have
carried out up to three and a half pumping cycles and observed that the two system qubits
reached a maximum overlap fidelity with the target Bell state of 73(1)% after three pumping
cycles.

4.9.4 Further Experimental Details

As mentioned in the main text, fully mixed states of two and four qubits were prepared by
a dissipative process based on optical pumping. First, every system qubit, initially prepared
in |0〉, is coherently transfered to (|0〉+ |S′〉) /

√
2 via a π/2 laser pulse on the quadrupole

transition, where |S′〉 is the electronic level S1/2(m = 1/2). Subsequently, optical pumping
of the population in |S′〉 into |1〉 creates a state where the coherence between the resulting
populations in |0〉 and |1〉 is completely destroyed.

The initial two-qubit mixed state was prepared with a fidelity of F=99.6(3)% with respect
to the ideal state 1

414×4.

Physical process matrices were reconstructed with maximum likelihood techniques [3]. An
error analysis was carried out via Monte Carlo simulations over the multinomially distributed
measurement outcomes of the state and process tomography. For each process and state, 200
Monte Carlo samples were generated and reconstructed via maximum-likelihood estimation.

4.10 Supplementary Information: Four-Qubit Stabilizer
Pumping

Expectation values of the stabilizer operators Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4 were not
determined from the reconstructed density matrices of the system qubits. Instead, we per-
formed fluorescence measurements in the X and Z basis on 5250 copies of the corresponding
quantum states (for p = 0.5 pumping, 2100 copies were measured). The error bars were then
determined from the multinomially distributed raw data.

4.10.1 Pumping

Pumping into the GHZ state (|0000〉+ |1111〉)/
√

2 was realized by a pumping cycle where the
four system qubits were deterministically pumped into the +1 eigenspaces of the stabilizers
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Figure 4.6. Reconstructed process matrices of experimental Bell-state pump-
ing. The reconstructed process matrix for p = 1 after 1 (1.5) cycles has a Jami-
olkowski process fidelity [4] of 83.4(7)% (87.0(7)%) with the ideal dissipative process
ρS 7→ |Ψ−〉〈Ψ−| which maps an arbitrary state of the system into the Bell state |Ψ−〉.
This ideal process has as non-zero elements only the four transparent bars shown. The
reconstructed process matrix for p = 0.5 after 3 cycles has a Jamiolkowski process fidelity
of 60(1)% with the ideal process χideal shown [Im(χideal) = 0].
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Figure 4.7. Ideal and reconstructed density matrices of plaquette pumping.
An inital mixed state ρmixed is sequentially pumped by the stabilizers Z1Z2, Z2Z3, Z3Z4

and X1X2X3X4 driving the system into the states ρ1,2,3,4.
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Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4.

The ideal dissipative Kraus map describing the first three pumping steps into the +1
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eigenspace of Z1Z2, Z2Z3 and Z3Z4 read ρS 7→ E id
ZiZj

(ρS) = E1ρSE
†
1 + E2ρSE

†
2 with

E1 =
1

2
(1 + ZiZj) , (4.9)

E2 =
1

2
Xj (1− ZiZj) , (4.10)

for (i, j = 12, 23, 34). The Kraus maps are constructed such that the +1 eigenspace of ZiZj
is left invariant, whereas a spin flip Xj on the second spin (index j) converts with unit
probability -1 into +1 eigenstates.

The dissipative map for pumping into the +1 eigenspace of, e.g., Z1Z2 could be achieved
in complete analogy with Bell state pumping, i.e. by effectively only implementing operations
on the ancilla qubit and the system qubits #1 and #2, whereas the system qubits #3 and #4
remain completely unaffected. This could either be achieved through refocusing techniques
or by hiding system ions #3 and #4 in electronically decoupled states for the duration of the
dissipative circuit.

In the experiment, however, we used a few simplifications that allowed us to simplify the
employed circuits. These are schematically shown in Fig. 4.9 and listed below:

• For deterministic pumping (p = 1), the inverse mapping step (shown in Box 1) is not
necessary and has been taken out.

• In the coherent mapping step (shown in Box 1) the information about whether the
system ions are in a ±1 eigenstate of Z1Z2 is mapped onto the logical states of the
ancilla qubit. This step ideally only involves the ancilla and the system qubits #1 and
#2. One way to achieve this three-qubit operation without affecting the system qubits
#3 and #4, is to combine the available five-ion MS gate with appropriately chosen
refocusing pulses, i.e. light shift operations on individual ions. Those would have to be
chosen such that ions #0, #1 and #2 become decoupled from ions #3 and #4, and
furthermore residual interactions between ions #3 and #4 cancel out. However, it turns
out that residual interactions between ions #3 and #4 can be tolerated: although not
required for the Z1Z2-pumping dynamics, they are not harmful, as they do not alter the
expectation values of the other two-qubit stabilizers Z2Z3 and Z3Z4. In our experiment
the decoupling of ions #0, #1 and #2 from the ions #3 and #4 was achieved by the
circuit shown in Fig. 4.9b.

The additional interactions in the pumping of the two-qubit stabilizer operators ZiZj
affect the state of the system qubits with respect to the four-qubit stabilizer X1X2X3X4.
However, this effect is not detrimental to the pumping, provided the pumping into the
eigenspace of X1X2X3X4 is performed as the final step in the pumping cycle.

• In the employed sequence, the number of single-qubit rotations was reduced wherever
possible. Essential single-qubit light shift operations, such as those needed for re-
focusing operations, were kept.

• Local rotations of the system ions at the end of a pumping step, which would be
compensated at the beginning of the subsequent pumping step, were omitted when
several dissipative maps were applied in a row. The corresponding gate operations of
the sequences are displayed in blue in Steps 1-3.
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Figure 4.9. Pumping into the +1 eigenspace of the Z1Z2 stabilizer operator
a, Ideally, only the ancilla qubit and the two system qubits #1 and #2 are involved
in the circuit. b, An entangling gate acting on these three ions can be achieved by a
refocusing technique, where ions #3 and #4 decouple from the dynamics. However, the
latter ions still become entangled. However, these residual interactions are not harmful
to the pumping, as they do not affect the expectation values of the other two-qubit
stabilizer operators. c, Dashed operations in the quantum circuit indicate such residual
entangling operations.

These simplifications allowed us to significantly reduce the length and complexity of the
employed gate sequences for one stabilizer pumping step. As a consequence, the actual Kraus
map for pumping into the +1 eigenspace of the stabilizer operator Z1Z2 as implemented in
the experiment is ρS 7→ Eexp

ZiZj
(ρS) = E1ρSE

†
1 + E2ρSE

†
2 with

E1 = X1X2

(
Ã− Z1S̃

)
X2

1

2
(1− Z1Z1) , (4.11)

E2 =

(
X1X2S̃ +

i

2
(X1Y2 + Y1X2) Ã

)
1

2
X2 (1− Z1Z2) , (4.12)
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where

S̃ = X3X4 + Y3Y4 and Ã = X3Y4 + Y3X4. (4.13)

This quantum operation differs from the ideal Kraus map specified in Eqs. (4.9) and (4.10) by
combinations of additional simultaneous X and Y -type spin flips on all four system spins. As
explained above, these additional terms do not interfere with the ZiZj pumping dynamics,
as any four-spin operator, which is built up by a product of either X or Y for each of the
four spins commutes with the Z-type two-body stabilizers, e.g. [X1X2Y3Y4, ZiZj ] = 0.

The experimental Kraus maps for pumping into the +1 eigenspaces of Z2Z3 and Z3Z4

are obtained from Eqs. (4.11)-(4.13) by applying the corresponding permutation of system
spin indices.

The fourth dissipative step, which realizes pumping into the +1 eigenspace of X1X2X3X4,
is described by the ideal and also experimentally implemented Kraus map ρS 7→
Eexp
X1X2X3X4

(ρS) = E1ρSE
†
1 + E2ρSE

†
2 with

E1 =
1

2
(1 +X1X2X3X4) , (4.14)

E2 =
1

2
Z4 (1−X1X2X3X4) . (4.15)

The gate sequences, which have been used in the experiment to implement these Kraus
maps are explicitly given below:

Step 1 (pumping into the +1 eigenspace of Z1Z2):

UY (−π/2)UZ2(−π/2)

UX(π/2)UZ2(−π/2)UX(−π/2)

UZ1(π)UX2(π/4)UZ2(π)UZ0(π)UX2(π/4)

UX(−π/2)UZ2(−π/2)UZ0(−π/2)UX(π/2)

UX2(π/4)UZ4(π)UZ3(π)UX2(π/4)

UY (π/2)UX(−π/2)UZ0(−π/2)UX(π/2)

Step 2 (pumping into the +1 eigenspace of Z2Z3):

UY (−π/2)UZ3(−π/2)

UX(π/2)UZ3(−π/2)UX(−π/2)

UZ2(π)UX2(π/4)UZ3(π)UZ0(π)UX2(π/4)

UX(−π/2)UZ3(−π/2)UZ0(−π/2)UX(π/2)

UX2(π/4)UZ4(π)UZ1(π)UX2(π/4)

UY (π/2)UX(−π/2)UZ0(−π/2)UX(π/2)
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Step 3 (pumping into the +1 eigenspace of Z3Z4):

UY (−π/2)UZ4(−π/2)

UX(π/2)UZ4(−π/2)UX(−π/2)

UZ3(π)UX2(π/4)UZ4(π)UZ0(π)UX2(π/4)

UX(−π/2)UZ4(−π/2)UZ0(−π/2)UX(π/2)

UX2(π/4)UZ2(π)UZ1(π)UX2(π/4)

UY (π/2)UX(−π/2)UZ0(−π/2)UX(π/2)

Step 4 (pumping into the +1 eigenspace of X1X2X3X4):

UX(−π/2)

UZ4(−π/2)UX(π/2)UZ4(−π/2)

UX2(π/4)UZ4(π)UZ0(π)UX2(π/4)

UZ4(−π/2)UX(−π/2)UZ0(−π/2)UX(π/2)

UX2(π/4)UX2(π/4)

Figure 4.7 shows the reconstructed density matrices (real and imaginary parts) for every step
of the pumping cycle. The complete circuit decomposition of one pumping cycle involves 16
five-ion entangling operations, 28 (20) collective unitaries and 36 (34) single-qubit operations
with (without) optional operations in blue. The reset operation involves further pulses not
accounted for above.

4.10.2 Repeated Four-Qubit Stabilizer Pumping

To study the robustness of the dissipative operation, we prepared the initial state |1111〉
and subsequently applied repeatedly the dissipative map for pumping into the +1 eigenspace
of the four-qubit stabilizer X1X2X3X4. We observed that after a single dissipative step
a non-zero expectation value of X1X2X3X4 built up and stayed constant under subsequent
applications of this dissipative map. However, due to imperfections in the gate operations, the
expectation values of the two-qubit stabilizers decreased, ideally they should not be affected
by the X1X2X3X4-pumping step (see Fig. 4.10). Interestingly, the expectation values of
Z1Z4 and Z3Z4 decayed significantly faster than those for Z1Z2 and Z2Z3. This decay can
be explained by the fact that in the gate sequence used for pumping into the +1 eigenspace
of X1X2X3X4, step 4 above, single-ion light-shift operations are applied only to the fourth
system qubit and the ancilla. This indicates that errors in the single-qubit gates applied to
the fourth system ion accumulate under the repeated application of the dissipative step, and
thus affect the stabilizers Z1Z4 and Z3Z4 which involve this system qubit more strongly than
the others. This destructive effect can be minimized by alternating the roles of the system
qubits.

Such optimization has been done for the dissipative dynamics shown in Fig. 4.11. Here,
starting from the initial state |1111〉, repeated pumping into the -1 eigenspace of X1X2X3X4

has been implemented by the sequence
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UX2(π/8)UX2(π/8)UX2(π/8)UX2(π/8)

UX(−π/2)

UZ4(−π/2× p)UX(π/2)UZ4(π)

UY 2(π/4× p)UZ0(π)UZ4(π)UY 2(π/4× p)
UY (π/2)UZ0(−π/2)UY (−π/2)

UX2(π/8)UX2(π/8)UX2(π/8)UX2(π/8).

Here, we observed that indeed the expectation values of all two-qubit stabilizers decreased
at the same pace and at a slightly slower rate (see Fig. 4.11). Upon repeating the sequence
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above 1,2,3,4, and 5 times, we changed the operations shown in red to act on qubits 4,3,2,1,
and 1, respectively. The stabilizer expectation values for deterministic pumping, or p = 1,
are shown in Fig. 4.11.

4.10.3 Pushing “Anyons” Around

In Kitaev’s toric code [5], spins are located on the edges of a two-dimensional square lattice.
The Hamiltonian

H = −g(
∑
p

Ap +
∑
v

Bp) (4.16)

is a sum of mutually commuting four-qubit stabilizers Ap =
∏
i∈pXi and Bv =

∏
i∈v Zi,

which describe four-spin interactions between spins located around plaquettes p and vertices
v of the lattice. The ground state of the Hamiltonian is the simultaneous +1 eigenstate of all
stabilizer operators. The model supports two types of excitations that obey anyonic statistics
under exchange (braiding), and they correspond to -1 eigenstates of either plaquette or vertex
stabilizers.

For a minimal instance of this model, represented by a single plaquette of four spins lo-
cated on the edges, the Hamiltonian contains a single four-qubit interaction term X1X2X3X4

and pairwise two-spin interactions ZiZj of spins sharing a corner of the plaquette. The
ground state as the simultaneous +1 eigenstate of these stabilizers is the GHZ-state
(|0000〉 + |1111〉)/

√
2. States corresponding to -1 eigenvalues of a two-qubit stabilizer ZiZj

can be interpreted as a configuration with an excitation located at the corner between the two
spins i and j. Similarly, a four-qubit state with an eigenvalue of -1 with respect to X1X2X3X4,
would correspond to an anyonic excitation located at the center of the plaquette.

In the experiment we prepared an initial state |0111〉 and then performed the pumping
cycle of four deterministic pumping steps into the +1 eigenspaces of Z1Z2, Z2Z3, Z3Z4 and
X1X2X3X4, using the sequences for Steps 1 to 4 given in section 4.10.1. The expectation
values of the stabilizer operators for the initial state and the four spins after each pumping
step are shown in Fig. 4.12. The dissipative dynamics can be visualized as follows: For the
initial state with 〈Z1Z2〉 = −1 and 〈Z1Z4〉 = −1 a pair of excitations is located on the
upper left and right corners of the plaquette, whereas 〈X1X2X3X4〉 = 0 implies an anyon
of the other type is present at the center of the plaquette with a probability 50%. In the
first pumping step, where the first two spins are pumped into the +1 eigenspace of Z1Z2,
the anyon at the upper right corner is dissipatively pushed to the lower right corner of the
plaquette. In the third step of pumping into the +1 eigenspace of Z3Z4, the two excitations
located on the upper and lower lefts corners fuse and disappear from the system. In the final
step of pumping into the +1 eigenspace of X1X2X3X4, the anyon with a probability of 50%
at the center of the plaquette is pushed out from the plaquette.

However, we’d like to stress that borrowing concepts from topological spin models, such
as anyonic excitations, here is merely a convenient language to phrase and visualize the
dissipative dynamics. In the present work with up to five ions, we do not explore the physics of
topological spin models, since (i) in a minimal system of four spins the concepts developed for
larger lattice models become questionable, and more importantly, (ii) during the implemented
pumping dynamics the underlying (four-body) Hamiltonian of the model was not present.
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We rather demonstrate the basic tools which will allow one to explore this physics once larger,
two-dimensional systems become available in the laboratory.

We note that photon experiments have reported the observation of correlations compatible
with the manipulations of “anyons” in a setup representing two plaquettes [6, 7]. Such
experiments are based on postselection of measurements [as in teleportation by 8], which
should be contrasted to our deterministic implementation of open system dynamics to prepare
and manipulate the corresponding quantum state [as in deterministic teleportation by 9, 10].
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Figure 4.12. Pushing “anyons” around by dissipation. Measured expectation
values of stabilizer operators for pumping dynamics of pumping into the +1 eigenspaces
of Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4, starting in the state |0111〉.

4.10.4 Pumping Into “Excited” States

Starting from an initially fully mixed state of four qubits, we also implemented pumping into
a different GHZ-type state, (|0010〉 − |1101〉)/

√
2, by a sequence of four dissipative steps:

1) pumping into the +1 eigenspace of Z1Z2, 2) pumping into the -1 eigenspace of Z2Z2, 3)
pumping into the -1 eigenspace of Z3Z4 and 4) pumping into the -1 eigenspace of X1X2X3X4.
In the context of Kitaev’s toric code, this state would correspond to an excited state. However,
as above, we point out that the underlying Hamiltonian was not implemented in the pumping
dynamics.

The measured expectation values of the stabilizers are shown in Fig. 4.13. The final
density matrix, as determined from quantum state tomography after the four pumping steps,
is shown in Fig. 4.14. This pumping cycle was implemented with the same sequences as given
for Step 1 to 4 in section 4.10.1, with the only difference that the sign of the phase shift
operations displayed in red was changed in Steps 2, 3, and 4. This allowed us to invert the
pumping direction from the +1 into -1 eigenspaces of Z2Z2, Z3Z4 and X1X2X3X4.
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starting from an initially four-qubit mixed state.
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Figure 4.14. Reconstructed density matrix after the full pumping cycle for
dissipative preparation of the state (|0010〉 − |1101〉)/

√
2. This final state has a

fidelity of 60(2)% with the expected state. This fidelity was determined from parity and
coherence measurements and analysed with bayesian inference techniques as done in [11].

4.11 Supplementary Information: QND Measurement of a
Four-Qubit Stabilizer

4.11.1 Further Details

As shown in Fig. 4.15, the QND measurement involves a mapping step where the information
about whether the system described by an input density matrix ρin is in the +1 / -1 eigenspace
of A = X1X2X3X4 is coherently mapped onto the internal states |0〉 and |1〉 of the ancilla
qubit, which is initially prepared in |1〉. Subsequently the ancilla qubit is measured in its
computational basis, leaving the system qubits in a corresponding output state ρout.
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Figure 4.15. QND measurement of the four-qubit stabilizer operator
X1X2X3X4. After the coherent mapping M(X1X2X3X4), the ancilla qubit is mea-
sured. This measurement was performed both with and without applying additional
pulses to hide the populations of the system qubits in electronically uncoupled states for
the duration of the fluorescence measurement on the ancilla.

The coherent mapping M(X1X2X3X4) was realized by the sequence

UX(π/4)UZ0(π)UX(−π/4)

UX2(π/4)UX2(π/4)UZ0(−π/2)UX2(π/4)UX2(π/4)

UY (−π/4)UZ0(π)UY (π/4)

which implements

M(X1X2X3X4) = − i√
2

(X0 + Y0)⊗ P+

+
1√
2

(1− iZ0)⊗ P−, (4.17)

with P± = 1
2(1±X1X2X3X4) the projectors onto the ±1 eigenspaces of X1X2X3X4. Equation

(4.17) shows that for the system qubits being in a state belonging to the +1 eigenspace of
the stabilizer operator, the ancilla is flipped from |1〉 to |0〉, whereas it remains in its initial
state |1〉 otherwise.

Subsequently, the ancilla as well as the four system qubits were measured. This was done
by measuring the five ions simultaneously. Alternatively, we first hid the four system qubits
in electronic levels decoupled from the laser excitation, performed the fluorescence measure-
ment of the ancilla qubit, then recovered the state of the system qubits and tomographically
measured the state of the four system qubits. The second approach, where the state of the
system is not affected by the measurement of the ancilla, is of importance if the information
from the ancilla measurement is to be used for feedback operations on the state of the system.

4.11.2 Quantitative Analysis of the Performance

To characterize the performance of a QND measurement for a (multi-)qubit system, a set of
requirements and corresponding fidelity measures have been discussed in the literature [12].
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(1) First of all, the measurement outcomes for the ancilla qubit should agree with those
that one would expect from a direct measurement of the observable A on the input density
matrix. This property can be quantified by the measurement fidelity,

FM =
(√

pin
+p

m
|0〉 +

√
pin
−p

m
|1〉

)2
, (4.18)

which measures the correlations of the distribution of measurement outcomes pm = {pm
|0〉, p

m
|1〉}

of the ancilla qubit with the expected distribution pin = {pin
+ , p

in
−} directly obtained from ρin,

where pin
± = Tr{1

2(1±A)ρin}.
(2) The QND character, reflected by the fact that the observable A to be measured should

not be disturbed by the measurement itself, becomes manifest in ideally identical probability
distributions pin and pout, which are determined from the input and output density matrices.
These correlations are quantified by the QND fidelity

FQND =

(√
pin

+p
out
+ +

√
pin
−p

out
−

)2

, (4.19)

where pout
± = Tr{1

2(1±A)ρout}.
(3) Finally, by measuring the ancilla qubit the system qubits should be projected onto

the corresponding eigenspace of the measured observable A. Thus the quality of the QND
measurement as a quantum state preparation (QSP) device is determined by the correlations
between the ancilla measurement outcomes and the corresponding system output density
matrices. It can be described by the QSP fidelity

FQSP = pm
+p

out
|0〉,+ + pm

−p
out
|1〉,−, (4.20)

where pout
|0/1〉,± denotes the conditional probability of finding the system qubits in the +1 (-1)

eigenspace of A, provided the ancilla qubit has been previously measured in |0〉 (|1〉).
The probability distributions for the system input and output states, the ancilla mea-

surement outcome distributions, and the resulting fidelity values are summarized in Tables
I to IV. The input states had a fidelity [13] with the ideal states (|0000〉 + |1111〉)/

√
2,

(|0000〉 − |1111〉)/
√

2 and (|0011〉 − |1100〉)/
√

2 of 75.3(9), 77.3(8), 93.2(4)%.

We observe that we obtain higher values for the measurement and QND fidelities than
for the QSP fidelities. The latter is relevant in the context of quantum error correction or
closed-loop simulation protocols or more generally whenever the information from the ancilla
measurement is used for further processing of the system output state.

With the additional hiding and unhiding pulses before and after the measurement of the
ancilla we observe a loss of fidelity of a few percent in the QSP fidelities.
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A universal quantum simulator promises to provide insight into the properties of
complex interacting many-particle quantum systems, which cannot be efficiently simu-
lated on classical computers. Building such controlled quantum device, which is capable
to reproduce the dynamics of any other many-body quantum system of interest with
with short-range interactions, poses the challenge to control the coherent Hamiltonian
dynamics as well as the dissipative time evolution due to the system’s coupling to an
environment. Here, we suggest and analyze a scheme for gate-based quantum simula-
tion of open system dynamics, implementable in linear chains with a mesocopic number
of ions and using state-of-the art ion trap quantum computing technology. The main
ingredients of our “digital” simulation architecture are sequences of high-fidelity multi-
ion entangling gates and optical pumping for the realization of dissipative steps. Our
toolbox of operations allows one to realize in an experimentally efficient way general co-
herent and dissipative dynamics of small instances of exotic spin models involving n-body
interactions and constraints, such as e.g. Kitaev’s toric code Hamiltonian. In a recent
experiment, the fundamental building blocks of this open-system quantum simulator have
been successfully demonstrated [Barreiro et al.]. Here, we provide the theoretical back-
ground and some technical details on this work. In addition, we discuss how small-scale
implementations of spin models of interest in the context of topological quantum com-
puting can be realized within the presented simulation scheme based on state-of-the-art
ion trap quantum computing architecture.

†The author of the present thesis did the main part of the work and performed all of the calculations in
this manuscript.
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5.1 Introduction

In view of the inherent difficulties to efficiently simulate quantum physics on a classical
computer due to the Hilbert space growing exponentially with the system size, Feynman
proposed the idea of a quantum simulator. He conjectured that it might be possible to
build and use a controllable quantum device to efficiently study the dynamics of another
quantum system of interest [1]. This idea was later proven to be right and further refined
by Lloyd [2] and others, who showed that quantum systems with quasi-local interactions can
indeed be simulated efficiently. Since then, quantum simulation has become a very active
research field on its own (see reference [3] for a recent overview). Driven by remarkable
experimental progress and novel theoretical ideas for various physical platforms in recent
years, systems ranging from cold atoms [4–7] and polar molecules [8, 9], trapped ions [10],
over photonic setups [11–13], nuclear magnetic resonance [14], solid state systems [15] such
as e.g. arrays of coupled superconductors [16, 17], quantum dots [18] and nitrogen-vacancy
centers in diamond [19] have been under investigation for quantum simulation. Potential
applications for quantum simulators are numerous and include the study of models from the
field of condensed matter [20], such as Bose and Fermi Hubbard Hamiltonians, spin models
in the context of quantum magnetism [21], high-energy-physics [22] and topological quantum
computing [23], and molecular energy calculations in the field of quantum chemistry [24].
On the other hand, in the field of quantum information theory, simulation algorithms have
been developed [25] and questions regarding the efficiency, robustness to noise and costs of
simulations in terms of the required resources have been addressed [26–28].

For trapped ions, different proposals for quantum simulation with ground state ions [29–
31] or ions excited to Rydberg states [32] have been developed (see reference [33] for an
overview). In the last years in a series of remarkable experiments first small-scale quantum
simulators have been realized. These have enabled experimental simulation of (relativistic)
dynamics of single quantum particles in an external potential [34–36] and experimental studies
of the physics of few interacting Ising spins [37] under frustration [38]. In these “analog”
quantum simulators, the common principle is to use externally controllable fields to engineer
effective “always-on” Hamiltonians, which microscopically realize the model of interest and
whose system parameters can be tuned.

An alternative approach are simulation methods, where the desired Hamiltonians are not
engineered directly. Instead, the quantum state is encoded in qubits and a stroboscopic
sequence of coherent quantum gates is applied to the system, such that the actual time
evolution of interest arises as an approximate, effective dynamics on a coarse-grained time
scale. Adding dissipative time steps and measurements to the coherent operations enables to
simulate not only coherent Hamiltonian dynamics of closed quantum systems, but to realize
the more general time evolution of open quantum systems coupled to an environment. Here,
appropriate engineering of the system-environment coupling allows one to realize “cooling”
dynamics which offers novel and alternative routes for dissipative preparation of entangled
quantum states and many-body quantum phases [41] and for quantum computation based
on dissipation [42]. Such “digital” quantum simulators are flexible in the sense that they
allow to also simulate spin models involving coherent and dissipative (high-order) n-body
interactions efficiently [2, 26, 43], which are in general difficult to realize in analog simulators
[44–46]. Many-body interactions appear naturally in different contexts: Examples include
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Figure 5.1. Lattice spin models of interest for the gate-based (”digital”) quantum
simulation with trapped ions. (a) In Kitaev’s toric code [39] spins located around vertices
of a two-dimensional square lattice interact via four-body interactions ∼ σx1σ

x
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x
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x
4 ,

whereas spins around plaquettes experience z-type interactions, as e.g. ∼ σz2σz3σz5σz6 . (b)
Small instance of a color code spin system suggested in [40]. Here, spins are located
on the sites of a three-colorable lattice interact via four-body plaquette interactions
such as ∼ σx1σ

x
2σ

x
3σ

x
4 and ∼ σz1σ

z
2σ

z
3σ

z
4 . (c) Mesoscopic instances of spin models can be

mapped onto linear chains of trapped ions, where the spin degree of freedom is encoded
in (meta)stable electronic states. Coherent and dissipative time evolution of can be
simulated by sequences of highly parallel multi-ion Mølmer-Sørensen gates applied to all
(or subsets of) ions with single qubit rotations on individual ions and optical pumping
of an ancilla ion.

condensed matter systems [47], the simulation of fermionic systems with qubits [48–50], spin
models in the field of topological quantum computing and quantum error correcting codes
[23, 51–53].

In this work we suggest a scheme for digital quantum simulation of coherent and dissi-
pative dynamics of spin models in linear chains of trapped ions. These systems have proven
to be mesocopic quantum systems with a large degree of control and a well-developed ex-
perimental toolbox for the purpose of quantum state preparation, manipulation and readout
of individual ions [10, 54]. Motivated by these achievements, we ask the question: What
are interesting simulation possibilities in state-of-the-art ion trap quantum computing setups
with moderately large chains of a few, possibly up to a few tens of ions? In particular, we
discuss how far ideas, which have been recently developed for quantum simulation with Ryd-
berg atoms [55] in large-spacing two- and three-dimensional optical lattices, can be adapted
to systems of trapped ions.

Here, we present a complete toolbox for the simulation of general open system dynamics of
mesoscopic spin systems with trapped ions. Our set of tools includes the fundamental building
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blocks for the simulation of coherent and dissipative n-body processes, and non-destructive
measurement of n-particle observables. Our simulation proposal strongly makes use of high-
fidelity multi-ion Mølmer-Sørensen (MS) entangling gate operations [56] in combination with
single-qubit rotations and optical pumping as a dissipative ingredient.

In section 5.2 we introduce the general idea of our simulation architecture and give a
concise summary of the main results. The details of the simulation of coherent and dissipative
many-body interactions are provided in sections 5.3 and 5.4. In section 5.5 we briefly discuss
the effect of imperfections in the simulation scheme. In section 5.6 we illustrate our simulation
scheme for two examples of interest in the context of topological quantum computing, namely
small-scale implementations of Kitaev’s well-known toric code [39] and a minimal version of
a color-code model [40]. We conclude by discussing future perspectives in section 5.7.

5.2 Basic Idea and Principal Results

Our goal is the simulation of quantum coherent and dissipative dynamics of lattice spin
models, governed by a many-body master equation

d

dt
ρ = (Lcoh + Ldiss)ρ = Lρ (5.1)

for the density operator ρ(t) of the spin system. The coherent part of the dynamics is
described by

Lcohρ =
∑
α

Lcoh
α ρ = −i

∑
α

[Hα, ρ]. (5.2)

It is generated from a Hamiltonian H =
∑

αHα which is a sum of quasi-local terms Hα,
and generically involves higher order n-body spin interactions for the lattice spin models of
interest1. Dissipative time evolution is described by a Liouvillian

Ldissρ =
∑
α

Ldiss
α ρ =

∑
α

γα
2

(
2cαρc

†
α − c†αcαρ− ρc†αcα

)
.

The individual terms Ldiss
α ρ are of Lindblad form [57], and are determined by n-body quantum

jump operators cα and by respective rates γα at which these jump processes occur. In general
the jump operators again act on quasi-local subsets of spins, and thus generate a dissipative
many-body dynamics.

As an example of particular interest consider the spin model of Kitaev’s toric code [39],
cf. Fig. 5.1. It involves four-body spin interaction terms Hα and quantum jump operators
cα of the form

Hα = σx1σ
x
2σ

x
3σ

x
4 , cα =

1

2
σz1(1− σx1σx2σx3σx4 ), (5.3)

which are of interest for dissipative ground state preparation, as we will discuss in more detail
in section 5.6.1.

We aim to realize the coherent and dissipative dynamics in a digital simulation, i.e. as
a stroboscopic sequence of gates and dissipative operations over small time steps τ , such

1Throughout this article we set ~ = 1.



5. Basic Idea and Principal Results 141

that the master equation (5.1) emerges as an effective, coarse-grained description of the time
evolution. For small time steps, the time evolution can be implemented through a Trotter
expansion of the propagator corresponding to Eq. (5.1)

eLτρ '
∏
α

eL
coh
α τ

∏
β

eL
diss
β τρ. (5.4)

Errors from possible non-commutativity of the quasi-local terms in L are bounded [53] and
can be reduced by resorting to shorter time steps τ or higher-order Trotter expansions.

We consider a setup, in which the spins of a (possibly two- or three-dimensional) lattice
model are mapped onto a linear chain of ions, and where the spin degrees of freedom are
encoded in two (meta-)stable internal states of the ions. We suggest to strongly make use
of highly parallel multi-ion MS gates as the principal building block for the implementation
of the unitary and dissipative simulation time steps in eq. (5.4). The operation is based on
pairwise two-ion interaction terms (as illustrated in figure 5.2), and can be parametrized by
two angles θ and φ,

UMS(θ, φ) = exp

(
−iθ

4
(cosφSx + sinφSy)

2

)
. (5.5)

The sum in the collective spin operators Sx,y =
∑n

i=0 σ
x,y
i with σx,yi the usual Pauli matrices,

is understood to be performed over all ions involved in the gate.

As we will discuss in detail in the next section, the unitary propagators eL
coh
α τρ correspond-

ing to n-body interaction Hamiltonians Hα (such as, e.g., the four-body term in Eq. (5.3)) can
be implemented experimentally efficiently (i.e. by a minimal number of gates) by combining
standard single-qubit gates with (n + 1)-ion MS gates, which are applied to the n system
ions and an additional ion, which encodes an ancilla qubit. Dissipative dynamics according
to propagators eL

diss
α τρ with many-body jump-operators cα can be achieved by combining the

coherent gate operations with a dissipative step in the form of optical pumping of the ancilla
ion. Figure 5.3 shows decompositions of the propagators needed for coherent and dissipative
dynamics of Kitaev’s toric code model.

The dynamics, which can be realized with our simulation approach actually goes beyond
the continuous time evolution described by master equations in Lindblad form (5.1), and
can be extended to discrete (coherent or dissipative) steps, i.e. completely positive Kraus

maps ρ 7→ E(ρ) =
∑

k EkρE
†
k specified by a set of operation elements {Ek}, which act

on quasi-local subsets of spins and satisfy
∑

k E
†
kEk = 1 [53]. Finding and implementing

appropriate sequences of dissipative Kraus maps then enables, e.g., the dissipative preparation
of entangled states as well as cooling into ground (or excited) states in a minimal number of
dissipative steps, as discussed in section 5.6.

We would like to point out that the approach of mapping two- or three-dimensional lattice
setups of spins onto a linear chain of ions is obviously restricted to mesoscopic spin systems
corresponding to a few tens of ions, which with state-of-the art ion trap technology can be
accurately controlled and manipulated. Ultimately, similar quantum simulation protocols to
the one presented in this work can be developed for scalable, intrinsically two-dimensional
architectures such as ion microtrap arrays, to whose development currently a lot of effort



142 In preparation: Open-System Quantum Simulation with Trapped Ions

z

x
y

z

x
y

b)

UMS(π/2, 0)

1 2 n0 ...
...

ancilla ion

1

2

...

n

0

σx
0σx

1

a)
system ions

z

x
y

z

x
y

UMS(π/2, 0)

|0〉 ⊗ | + + + −〉 |1〉 ⊗ | + + + −〉

|0〉 ⊗ | + + + +〉 |0〉 ⊗ | + + + +〉

Saturday, November 6, 2010

Figure 5.2. (a) Graph representation of the two-body spin interaction Hamiltonian,
which underlies the multi-ion MS gate (5.5). All pairs {i, j} of ions involved in the gate
interact with equal strength (represented as links). (b) A (4 + 1) ion entangling MS
gate applied to 4 system ions and an ancilla ion (index zero) can be used to coherently
map the information about whether the 4 system ions are in a +1 (-1) eigenstate of the
4-body interaction term ∼ σx1σ

x
2σ

x
3σ

x
4 , onto the logical states |0〉 and |1〉 of the ancilla

ion. In the Bloch sphere representation this mapping can be understood as a rotation of
the ancilla qubit initially prepared in |0〉 around the x-axis. The rotation angle depends
on the state of the system ions, and is chosen such that for any +1 eigenstate, as
e.g. |++++〉, the ancilla qubit ends in |0〉 after the MS gate, whereas for - 1 eigenstates
such as e.g. |+ + +−〉 it is transferred to |1〉. This mapping mechanism not only works
for 4-body interactions, but can be used for general n. For n odd, the ancilla qubit is
transferred to σy eigenstates.

is devoted [58–62]. Nonetheless, the outstanding degree of control, which has been reached
in current linear ion trap experiments, makes this system an ideal platform to explore the
experimental possibilities and challenges and to demonstrate the principal building blocks on
the route towards a fully-developed universal quantum simulator.

5.3 Simulation of coherent many-body dynamics

In this section we describe in more detail the stroboscopic simulation of coherent dynamics
eL

coh
α τ according to n-body spin interaction Hamiltonians. The main resource in our simula-

tion scheme are multi-ion MS gate operations (5.5), first suggested by Mølmer and Sørensen
[56], which rely on the application of a bichromatic laser field to the ions. The two frequency
components are chosen close to the qubit transition, fine-tuned such that an effective second-
order coupling between pairs of ions is generated by off-resonantly coupling to the blue and
red motional side-bands of the common vibrational center-of-mass mode of the ions. Within
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Figure 5.3. Generic gate decompositions for the simulation of coherent and dissipative
dynamics via the Trotter expansion (5.4). (a) Coherent evolution according to a four-
body interaction Hamiltonian Hα = Eασ

x
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x
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x
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x
4 for a time step τ is efficiently achieved

in three steps: (i) First, an entangling MS gate UMS(π/2, 0) applied to the four system
ions and the ancilla ion coherently maps the information on whether the system ions
are in a +1 or -1 eigenstate of Hα onto the logical states |0〉 and |1〉 of the ancilla qubit
(cf. figure 5.2). (ii) Second, a single-qubit gate exp(iφσz0) applied to the ancilla ion
effectively imprints a phase −φ (φ) on all +1 (-1) eigenstates of Hα. (iii) Finally, the
initial mapping is reversed by an inverse MS gate, which disentangles the ancilla from
the system ions, which have evolved according to exp(iφσx1σ

x
2σ

x
3σ

x
4 ). (b) Dissipative

evolution, i.e. “cooling” of the system ions into the +1 eigenspace of Hα mediated by
Lindblad dynamics with four-body quantum jump operators cα = 1

2σ
z
1(1 − σx1σx2σx3σx4 ):

Here, a two-qubit gate C(θ) = |0〉〈0|0 ⊗ 1 + |1〉〈1|0 ⊗ exp[iθσyi ] is applied between the
mappings (i) and (iii). In step (ii), all +1 eigenstates of Hα are left invariant, whereas
a spin flip σyi with a θ-dependent amplitude is applied to one of the four system ions
can convert -1 into +1 eigenstates. After the three steps, generally, the ancilla qubit is
entangled with the system ions. (iv) Finally, the ancilla qubit is incoherently reset to its
initial state |0〉 by optical pumping. This dissipative step enables to carry away entropy
and “cool” the system qubits.

the Lamb-Dicke regime, where the ions are spatially confined to a region much smaller than
the wavelength of the qubit transition, the MS gate operation is particularly robust and
works in principle without the necessity to cool the ion chain to the motional ground state.
The gate has been successfully demonstrated [63] with remarkably high fidelities (99.3 % for
a pair of ions [64]) and recently for strings of up to 14 ions [65]. A detailed discussion of
the MS gate, in particular regarding the experimental implementation and optimization, can
be found in [66]. The properties of the MS gate (5.5) applied to n + 1 ions, which we will
repeatedly use in the following, are:

• The phase θ is the main control parameter of the gate; for θ = π/2, the gate is maximally
entangling, in the sense that the computational basis states are mapped to states, which
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are up to local rotations equivalent to GHZ states [56]. Shifting the optical phase of the
bichromatic driving field allows one to switch between a σx-type (φ = 0) and a σy-type
(φ = π/2) MS gate.

• Periodicity: UMS(θ + 2πm, φ) = UMS(θ, φ) for m ∈ Z.

• “Backward” MS gates (i.e. for negative values of θ) can be realized by “forward” gates,
since

UMS(−θ, φ) ≡
{

UMS(π − θ, φ) for n even,

UMS(π − θ, φ)
(∏n

j=0 σ̃j

)
for n odd.

(5.6)

with σ̃j = cosφσxj + sinφσyj . In particular, fully entangling MS gates are (up to local
rotations for an odd number of ions) equivalent to their inverse operations. Using only
“forward” MS gates can be experimentally convenient as a sign change of θ generally
requires frequency changes of the driving field.

Let us now outline the procedure to simulate a coherent time step eL
coh
α τ for a four-spin

interaction term Hα = −EαAα with Aα = σx1σ
x
2σ

x
3σ

x
4 (see figure 5.1). Although the unitary

propagator can in principle be implemented with a standard universal set of single- and
two-qubit gates available for ions [54], here we use an alternative technique, which harvests
the multi-ion MS gates and makes use of an ancilla qubit [26] encoded in an additional ion
(see figure 5.3). The approach consists of a sequence of three gate operations: (i) First, a
fully entangling MS gate UMS(π/2, 0), applied to the four system ions and the ancilla ion,
coherently maps the information, whether the system ions are in a +1 or -1 eigenstate of Ax
onto the ancilla qubit (see figure 5.3(a)). (ii) Second, a single-qubit gate Uanc(φ) = exp(iφσz0)
is carried out on the ancilla ion. Due to the previous mapping, this operation on the ancilla
qubit is equivalent to manipulations on the +1 and -1 subspaces of Aα. (iii) Finally, the
mapping is reversed by an inverse MS gate UMS(−π/2, 0) on all ions. The evolution according
to the three unitaries is given by

U = UMS(−π/2, 0)Uanc(φ)UMS(π/2, 0)

= exp
[
i
π

4
Ŝxσ

x
0

]
exp[iφσz0 ] exp

[
−iπ

4
Ŝxσ

x
0

]
= exp

[
iφ
(

cos
(π

2
Ŝx

)
σz0 + sin

(π
2
Ŝx

)
σy0

)]
(5.7)

with the operator Ŝx =
∑n

i=1 σ
x
i acting on the n system ions. Using the identities

cos
(π

2
Ŝx

)
=


Aα for n = 4k, k ∈ N
−Aα for n = 4k − 2, k ∈ N

0 for n odd

(5.8)

and

sin
(π

2
Ŝx

)
=


Aα for n = 4k − 3, k ∈ N
−Aα for n = 4k − 1, k ∈ N

0 for n even

(5.9)
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one finds that for n = 4 eq. (5.7) indeed reduces to

U = exp(iφσz0 ⊗Aα). (5.10)

As a consequence, the ancilla - initially prepared in |0〉 - factorizes out from the dynamics
of the system ions, which in turn evolve according to the unitary time evolution operator
exp(iφAα). Here, from exp(iφAx) = exp(−i(−EαAα)τ/~) one identifies the energy scale
of the four-body interaction as Eα = ~φ/τ , where τ is the physical time, which is needed
to perform all gates required for one full simulation time step (5.4). Note that pairwise
interactions among the system ions, present in the two-body Hamiltonian underlying the MS
gate (5.5), cancel out in the inverse mapping step (second MS gate).

Coherent Simulation Toolbox. The simulation scheme outlined above for four-body in-
teractions is readily generalized to arbitrary n-body interactions of the form A =

∏n
i=1 σ

α
i

with σαi ∈ {1, σxi , σyi , σzi }. This is possible by applying local rotations to (a subset of) system
ions before and after the gate sequence and thereby effectively transforming σxi into σyi or
σzi , and by varying the phase φ of the MS gates. This enables, e.g., the simulation of z-type
four-body plaquette interaction terms as required for the toric code Hamiltonian (see figure
5.1 and section 5.6.1). The required gate sequences are summarized in table 5.1. If certain
ions are supposed not to participate in the interactions (i.e. σαi = 1) this can be achieved
in different ways: (i) by focusing the driving laser of the MS gate operation only onto the
relevant subset of ions, or (ii) by hiding the electronic population of these ions in uncoupled
electronic states for the duration of the gate sequence [67], or (iii) by means of refocusing
techniques [68]: As shown in reference [69] interspersing MS gates applied to all ions with
single-qubit gates on individual ions allows one to decouple effectively certain ions from the
dynamics. A set of convenient gate sequences for this purpose is discussed in 5.9.

Circuit decompositions for the simulation of more complex many-spin interactions going
beyond n-qubit Pauli operators, such as e.g. ring-exchange interactions, can be worked out
and implemented in an analogous way (e.g. in [55] such cases are discussed).

We note that in the gate-based “digital” simulation scheme the energy scale E0 of the n-
body interactions is essentially independent of the order n, and mainly limited by the inverse
time required for performing the (n + 1)-ion MS gates. This is in strong contrast to analog
simulation approaches, where higher-order interactions typically arise in a perturbative limit
from a two-body Hamiltonian, thus with correspondingly smaller energy scales.

5.4 Engineering dissipative many-body dynamics

In this section we show how dissipative many-body dynamics can be engineered. We start

with the example of the implementation of Lindblad dynamics eL
diss
β τρ governed by a master

equation with four-body jump operators cα = 1
2σ

z
i (1 − σx1σx2σx3σx4 ), as required e.g. for the

ground state cooling of Kitaev’s toric code (see Section 5.6.1). The jump operator acts on
four spins located around the vertex of a lattice, as depicted in figure 5.1(a). The four-
body quantum jump operator cα induces dissipative dynamics, which pumps the four spins
from the +1 into the -1 eigenspace of Aα = σx1σ

x
2σ

x
3σ

x
4 (see figure 5.4): The projector part

1
2(1 − σx1σ

x
2σ

x
3σ

x
4 ) applied to any +1 eigenstate of Aα vanishes; as a consequence all +1
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A =
∏n
i=1 σ

x
i UMS(−π/2, 0)Uanc(φ)UMS(π/2, 0)

n = 1, 5, ... Uanc(φ) = exp(−iφσy0)
n = 2, 6, ... Uanc(φ) = exp(−iφσz0)
n = 3, 7, ... Uanc(φ) = exp(+iφσy0)
n = 4, 8, ... Uanc(φ) = exp(+iφσz0)

A =
∏n
i=1 σ

x
y UMS(−π/2, π/2)Uanc(φ)UMS(π/2, π/2)

n = 1, 5, ... Uanc(φ) = exp(+iφσx0 )
n = 2, 6, ... Uanc(φ) = exp(−iφσz0)
n = 3, 7, ... Uanc(φ) = exp(−iφσx0 )
n = 4, 8, ... Uanc(φ) = exp(+iφσz0)

Table 5.1. Circuit decompositions for the simulation of one time step of coherent
dynamics according to the time evolution operator U = exp(iφA). The unitary block is
implemented by two MS gates applied to the n system ions and an ancilla qubit (# 0)
initially prepared in |0〉, and a single-qubit rotation on the ancilla qubit.

eigenstates are “dark states” and remain unaffected. In contrast, the spin flip σzi applied
to one of the four spins (e.g. i = 1) can incoherently convert -1 into +1 eigenstates, e.g.:
cα|+ + +−〉 = σz1 |+ + +−〉 = | −+ +−〉.

2

3
4

1
|+〉 |+〉

|+〉
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|−〉
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Figure 5.4. Illustration of the dissipative dynamics of stabilizer pumping of four
spins: Lindblad dynamics according to a four-body quantum jump operator cα =
1
2σ

z
1(1 − σx1σx2σx3σx4 ) induces pumping into the eigenspace of eigenvalue +1 of the four-

body stabilizer operator Aα = σx1σ
x
2σ

x
3σ

x
4 . All +1 eigenstates are left invariant, whereas

eigenstates corresponding to an eigenvalue -1 of Aα are incoherently converted into +1
eigenstates, e.g. cα|+ + +−〉 = | −+ +−〉.

The dissipative dynamics is implemented by three unitary gate operations applied to the
four system ions and the ancilla qubit initially prepared in |0〉, followed by optical pumping
of the ancilla qubit. The sequence of unitaries is

Ud = UMS(−π/2, 0)C(θ)UMS(π/2, 0) (5.11)

with the two-qubit gate

Ci(θ) = |0〉〈0|0 ⊗ 1 + |1〉〈1|0 ⊗ exp(iθσyi ). (5.12)
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(i) As for the coherent simulation, an entangling MS gate UMS(π/2, 0) first maps the infor-
mation on whether the four system ions are in the +1 or -1 eigenspace of Aα onto the logical
states of the ancilla qubit. (ii) Next, the gate C(θ) realizes a spin flip with a θ-dependent
amplitude, provided the ancilla is in |1〉, i.e. only if the system spins are in a -1 eigenstate
of Aα. In 5.10 we give a possible decomposition of Ci(θ) into global MS gates and single-ion
rotations. (iii) After reversing the initial mapping (i) by another (inverse) MS gate, the an-
cilla qubit is in general entangled with the four system spins. (iv) Finally, optical pumping of
the ancilla ion back to its initial state |0〉 constitutes the dissipative element in the sequence,
which renders the dynamics of the four system spins irreversible and enables to carry away
entropy and thereby “cool” the system qubits.

The unitary sequence (5.11) can be expressed as Ud(θ) ≡ U †1U
†
0Ci(θ)U0U1 with U0 =

exp(−i(π/4)σx0 Ŝx), Ŝx =
∑n=4

k=1 σ
x
k and U1 = exp

(
−i(π/4)σxi

∑n=4
k(6=i) σ

x
k

)
. Here we have

made used of the fact that all pairwise interaction terms not involving either the ancilla
ion or the i-th system ion cancel out due the inverse MS gate. The resulting operation
Ud(θ) = U †1 [(1 + U3) + U2(1− U3)]U1/2, where U2 = cos((π/2)Ŝx)σz0 + sin((π/2)Ŝx)σy0 and

U3 = U †0 exp(iθσyi )U0, can be further simplified by using the operator identities (5.8) and

(5.9) for n = 4, as well as U †1σ
z
i U1 = iσziAα and A2

α = 1, yielding

Ud(θ) =
1

2
(1 + cos θ) +

1

2
sin θσziAασ

x
0 +

i

2
sin θσzi σ

y
0 +

1

2
(1− cos θ)Aασ

z
0 . (5.13)

In combination with the subsequent optical pumping of the ancilla ion, the resulting dynamics
is given by the quantum operation

|0〉〈0|0 ⊗ ρs 7→ |0〉〈0|0 ⊗ tr0{Ud(θ)(|0〉〈0|0 ⊗ ρs)Ud(θ)†}
= |0〉〈0|0 ⊗

∑
k=1,2

Ek(θ)ρsEk(θ)
† (5.14)

with the operation elements

E1(θ) =
1

2
(1 +Aα) + cos θ

1

2
(1−Aα), (5.15)

E2(θ) = sin θ σzi
1

2
(1−Aα) = sin θ cα. (5.16)

With a probability p = sin2 θ states in the -1 eigenspace of Aα are dissipatively converted
into +1 eigenstates, while the +1 eigenspace is left invariant by the operation. For θ = π/2
cooling occurs with unit probability.

For small values θ � π/2 equation (5.14) can be expanded up to second order in θ, yielding
the standard form of a Lindblad master equation (5.3) with a four-body jump operator cα
and the corresponding dissipative rate γα = θ2/τ . Here, τ as above the physical time needed
for the implementation of one simulation time step (5.4).

Dissipative Simulation Toolbox. The described four-step scheme is readily generalized to
n-body stabilizer cooling with n-qubit quantum jump operators of the form c = 1

2σ
z
i (1−Aα),

where Aα =
∏n
j=1 σ

α
i with σαi ∈ {1, σxi , σyi , σzi }. In table 5.2 the required gate operations and

the resulting n-body quantum jump operators are listed. By combining the outlined scheme
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with local rotations on (subsets of) the system ions, this allows one, e.g., to engineer cooling
dynamics according to z-type four-body quantum jump operators cβ = 1

2σ
x
i (1 − σz1σz2σz3σz4),

which are required for ground state preparation in Kitaev’s toric code model, as explained in
section 5.6.1.

c = 1
2σ

z
i (1− σx1 . . . σxn) UMS(−π/2, 0)Ci(θ)UMS(π/2, 0)

n = 1, 5, ... Ci(θ) = |y−〉〈y−|0 ⊗ 1 + |y+〉〈y+|0 ⊗ exp(−iθσzi )
n = 2, 6, ... Ci(θ) = |1〉〈1|0 ⊗ 1 + |0〉〈0|0 ⊗ exp(−iθσyi )
n = 3, 7, ... Ci(θ) = |y+〉〈y+|0 ⊗ 1 + |y−〉〈y−|0 ⊗ exp(−iθσzi )
n = 4, 8, ... Ci(θ) = |0〉〈0|0 ⊗ 1 + |1〉〈1|0 ⊗ exp(iθσyi )

Table 5.2. Required gate operations for the simulation of dissipative dynamics ac-
cording to n-body quantum jump operators c, which generate pumping into the +1
eigenspace of the many-body stabilizer operator A = σx1 . . . σ

x
n (and σy1 . . . σ

y
n, respec-

tively). The form of the two-qubit gates C(θ) are listed for different values of n; see 5.10
for convenient decompositions into single-qubit and collective MS gate operations. Here
|y±〉 denote the eigenstates of σy, σy|y±〉 = ±|y±〉.

5.5 Noise and Imperfections

In a stroboscopic simulation of a many-body master-equation (5.1) several sources of im-
perfections occur. First of all, Trotter errors from the non-commutativity of coherent (and
also dissipative) terms arise for each time step of the simulation. These are bounded and
can be reduced by resorting to smaller time steps and higher-order Trotter decompositions.
In addition, errors from imperfect gate operations in the quantum circuits arise. Their ef-
fects on gate-based quantum simulations has discussed in detail e.g. in reference [26]. Here,
we briefly illustrate the generic effect by considering a particularly transparent example of
a pulse length error in the simulation of coherent dynamics U = exp(iφA) according to a
four-body spin interaction A = σx1σ

x
2σ

x
3σ

x
4 , as explained in section 5.3. Let us assume that

the only error is a pulse length error in the single-qubit gate Uanc(φ) = exp(iφσz0) applied to
the ancilla qubit in the three-step sequence eq. (5.7). In one small time step (φ� π/2), the
system spins evolve according to

ρ(t+ τ) ' Uρ(t)U † ' ρ(t)− i[−φA, ρ(t)] + φ2(Aρ(t)A− ρ(t)) (5.17)

If we assume that the actual value φ fluctuates (e.g. due to laser intensity fluctuations) in
the experiment from time step to time step according to a Gaussian distribution p(φ) =
1/
√

2πσ2 exp[−(φ−φ0)2/(2σ2)] around the mean value φ0 with a variance σ � φ0 we obtain,
after averaging over φ, the modified equation of motion

d

dt
ρ ' −i[(−φ0/τ)A, ρ] +

φ2
0

τ
(AρA− ρ) +

σ2

τ
(AρA− ρ) (5.18)

Thus, we find dynamics according to a four-body Hamiltonian Heff = −(φ0/τ)A, where a
systematic shift in φ results in a systematically larger or smaller energy scale. In addition,
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stochastic fluctuations in φ cause a collective dephasing dynamics (in the σx-basis), described
by a Liouvillian with a dephasing rate γ = σ2/τ and a hermitian four-body quantum jump
operator A (see last term in (5.18)).

Similarly, other types of gate errors in the circuit decompositions for coherent and dis-
sipative dynamics can be analyzed in an analogous way, and lead to similar effects such as
additional unwanted Hamiltonian terms and in higher order dephasing or dissipative pro-
cesses. A more specific error analysis, going beyond these quite general arguments, requires
more precise information about the dominant error sources for concrete experimental setups.
In particular, we note that for the MS gate, which is implemented via the collective vibrations
of the ions, erroneous effects due to residual coupling to the motion are expected.

5.6 Applications

The simulation toolbox of coherent and dissipative operations allows one to explore the
physics of complex spin models involving many-body interactions and constraints, in setups
involving a mesoscopic number of ions. We first discuss the example of Kitaev’s toric code
[39], which can be regarded as a paradigmatic model out of a larger class of related spin
models that have recently attracted great interest in the context of topological order and
quantum computing. Subsequently, we proceed with an implementation of a minimal version
of a recently suggested color code model [40], which is feasible in a setup of eight ions. The
simulation of other models, typically involving similar many-body spin interaction terms,
poses comparable demands with regard to the simulation abilities of coherent and dissipative
dynamics.

5.6.1 Kitaev’s toric code

In the toric code model, which is sketched in figure 5.1(a), spins are located on the edges of
a two-dimensional square lattice. The Hamiltonian is given by H = −E(

∑
sAs +

∑
pBp)

and contains stabilizer operators As =
∑

i∈s σ
x
i and Bp =

∑
i∈p σ

z
i , which describe four-body

interactions of spins, which are located around the vertices (stars) s and plaquettes p of the
lattice, respectively. All four-body stabilizers in the Hamiltonian have eigenvalues ±1 and
mutually commute. The ground state(s) is/are given by the simultaneous eigenstate(s) of
all stabilizers with eigenvalues +1 (assuming Es, Ep > 0). The degeneracy of the ground
state depends on the boundary conditions and topology of the setup. Excited states in this
model correspond to −1 eigenstates with respect to either the As or Bp stabilizers and can be
associated with localized quasiparticles residing on the corresponding vertices and plaquettes
of the lattice (as illustrated in figure 5.5(b)). They exhibit anyonic statistics under braiding,
i.e. when trajectories of different types of quasiparticles are winded around one another.

For small instances of the toric code model, as e.g. a system of two plaquettes as illustrated
in figure 5.5(a), it is possible to define reduced two- or three-body stabilizers for the spins
located at the border of the system. For this small system of two plaquettes, coherent and
dissipative dynamics can be implemented in a setup of of 7+1 ions. Dissipative dynamics
that cools into the ground state manifold of the model, is realized by a Liouvillian with
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Figure 5.5. Cooling dynamics in a small-scale implementation of Kitaev’s toric code.
(a) Two- and three-qubit stabilizer operators for the boundary spins. (b) Two types
of excitations in the model correspond to violations (eigenstates of eigenvalue -1) of x
and z-type stabilizer operators. (c) Cooling dynamics due to pairwise “annihilation” of
excitations or single excitations which are pushed out of the system.

four-body quantum-jump operators as given in eq. (5.3). They cool into the low-energy
subspaces, i.e. eigenspaces corresponding to an eigenvalue +1 of the plaquette and vertex
terms of the Hamiltonian. In figure 5.5(c) the effect of a quantum jump induced by the
operator c = 1

2σ
x
4 (1 − σz1σ

z
2σ

z
3σ

z
4) is illustrated. If an excitation on the left plaquette is

present, in a quantum jump the state of the system spins is of the converted into state, which
is a +1 eigenstate of the left plaquette operator. In this process the excitation hops over
to the neighboring plaquette. If a second excitation was present on the second plaquette,
the pair of excitations is “annihilated” in such step. This removal of a pair of excitation
constitutes a cooling event. Note that the other type of excitation remains unaffected by
this dynamics. Alternatively, cooling takes also place if one of the spins which forms the
border of the system is flipped (e.g. spin # 2 in the lower part of figure 5.5(c)), since then
a single excitation is “pushed out” from the lattice system. For the corners and edges of a
small lattice system two- and three-body jump operators for x-type stabilizer pumping can
be realized in analogy.

5.6.2 Simulation of a color code model

The idea of storing and processing quantum information in naturally protected quantum
systems has attracted a lot of interest in recent years [23, 39]. Here, protection from local
errors is achieved by encoding quantum information not in individual physical qubits, but
instead in ground states of topologically ordered quantum systems, which provide an energy
gap to excited states and exhibit a ground state degeneracy, which cannot be lifted local
perturbations. One class of topological quantum error correcting codes that have been pro-
posed in this context, are color codes [40], which exhibit remarkable computational and error
correcting capabilities. In particular, they allow to implement the Clifford group in a fully
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topological way within the ground state manifold, without the need of individual addressing
of physical qubits or braiding of quasiparticles.

Here, we outline how a minimal instance of such a color code could be realized with
the discussed simulation tools, and discuss the state preparation and implementation gate
operations, as well as readout. For a detailed introduction to color code models we refer the
reader to [70].

A minimal version of a color code, consisting of seven physical qubit located at the
corners of three plaquettes, is shown in figure 5.1(b). Including one ancilla qubit for the
implementation of coherent and dissipative dynamics this system could be simulated with
a string of eight ions. Qubits located around plaquettes interact via four-body x and z-

interaction terms: The Hamiltonian Hcc = −E
(∑3

i=1Ai +
∑3

i=1Bi

)
with A1 = σx1σ

x
2σ

x
3σ

x
4 ,

B1 = σz1σ
z
2σ

z
3σ

z
4 , and similar interaction terms for the other two plaquettes, consists of six

mutually commuting stabilizer operators.

Coherent dynamics according to this Hamiltonian can be realized by implementing unitary
time steps as outlined in section 5.3 with the help of an ancilla qubit. Cooling into the
ground state manifold can be achieved by a Liouvillian dynamics associated with a set of
six four-body jump operators, such as c = 1

2σ
z
1(1 − σx1σx2σx3σx4 ), thereby driving the system

spins dissipatively into the +1 eigenspaces of the six stabilizers. Alternatively, ground state
cooling can be realized by a sequence of deterministic cooling steps: Starting with the system
spins in the fully polarized state |0〉⊗7 (being already a +1 eigenstate of all z-stabilizers) it
suffices to implement three dissipative time steps such as

ρs 7→
1

2
(1 +A)ρs

1

2
(1 +A) +

1

2
σz1(1−A)ρs

1

2
(1−A)σz1 (5.19)

with A = σx1σ
x
2σ

x
3σ

x
4 and accordingly for the other two plaquettes, in order to prepare the

system also in the +1 subspaces of the x-type stabilizer operators. As discussed in section
5.4 this is achieved by choosing two-qubit correcting gates Ci(θ = π/2) (see equation (5.12)).

Excited states |ψ〉 of the Hamiltonian Hcc correspond to states, where the system spins
are in -1 eigenstate(s) with respect to certain stabilizer(s). The quasiparticles of x (or z) type
associated with these violations of the stabilizer constraints are located on the corresponding
plaquettes, for instance on the uppermost plaquette, if A1|ψ〉 = −|ψ〉 (or B1|ψ〉 = −|ψ〉).

Since there are only six stabilizer constraints for seven system spins, the ground state is
degenerate and thus offers the possibility to encode one logical qubit. An operator basis for
this logical qubit can be constructed by the global operators X̂ =

∏7
i=1 σ

x
i and Ẑ =

∏7
i=1 σ

z
i .

These two logical operators commute with all six stabilizers of the code, thus they leave the
system within the ground state manifold.

The logical qubit can be initialized in the logical state |0̄〉 by (dissipatively) preparing the
system - in analogy with the four-body stabilizer cooling - in a +1 eigenstate of the global
operator Ẑ, such that Ẑ|0̄〉 = |0̄〉. The logical |1̄〉-state is then obtained by the application of
the logical X̂-operator, |1̄〉 = X̂|0̄〉, which corresponds to a single-qubit rotation applied to
all seven system ions. This minimal color code setup also allows to implement single-qubit
gates belonging to the Clifford group in a topological way: The Hadamard H and phase-shift
gate K

H =
1√
2

(
1 1
1 −1

)
, K =

(
1 0
0 i

)
, (5.20)
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can be implemented by applying the corresponding operations globally to all seven system
ions, i.e. Ĥ =

∏7
i=1Hi and K̂ =

∏7
i=1Ki. The logical operators then directly fulfill the

required transformation properties, as for example Ĥ†X̂Ĥ = Ẑ.

Remarkably, once the system is prepared in the code space, the logical single-qubit gates
can be performed by simple global single-qubit rotations without the need of addressing
individual ions. These operators take ground states to ground states, the system stays in
the code space, and thus the quantum gates are achieved without braiding of quasiparticles.
Similarly, readout measurements can be performed globally, i.e. by standard fluorescence
imaging of all ions measured either in the x or in the z-basis.

For the realization of a topological C-NOT gate operation, the minimal system consists
of two seven-qubit-layers encoding two logical qubits. Its implementation therefore requires
an experimental setup of fifteen ions, and might thus become experimentally feasible in the
near future.

5.7 Conclusions and Outlook

In this work we have discussed a toolbox for “digital” simulation with trapped ions. Our
scheme allows one to explore the physics and simulate the coherent and dissipative dynamics
of small-scale versions of spin models involving n-body interactions and constraints, such as
Kitaev’s toric code and a minimal version of topological color code model.

Here we have discussed open-loop dynamics, where coherent and dissipative time evolution
is implemented with the aid of an ancilla qubit, which is not observed. However, we note
that the described scheme also allows to extract information about the system qubits via a
measurement of the ancilla qubit, as schematically shown in figure 5.6. The measurement of
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Figure 5.6. Circuit for readout of the four-body stabilizer operator A = σx1σ
x
2σ

x
3σ

x
4 via

a measurement of the ancilla qubit. The circuit for coherent simulation of a four-body
spin interactions as discussed in section 5.3 (cf. eq. (5.10)) realizes the unitary operation
U = exp(iπ/4σz0 ⊗ A). Thereby, the ancilla qubit initially prepared in |+〉 is coherently
mapped onto the two σy-eigenstates, depending on whether the four system qubits are in
a +1 or -1 eigenstate of A. This information obtained from a subsequent measurement
of the ancilla qubit in the appropriate basis can be classically processed and used for
feedback operations on the system.
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n-body observables such as multi-qubit stabilizer operators is an essential ingredient e.g. for
error syndrome measurements in quantum error correction and quantum computing protocols
[51, 71, 72]. It also enables closed-loop simulation scenarios [43], where the outcome from
ancilla measurements is classically processed and used for feedback operations on the system.

The engineering of reservoir couplings and dissipative many-body processes enables novel
directions for quantum state preparation [41], as recently also shown in an experiment with
atomic ensembles [73]. Combining dissipative time evolution with coherent Hamiltonian dy-
namics might allow one to explore novel physics such as non-equilibrium phase transitions in
driven dissipative systems [74]. In particular, the ability to implement e.g. master equations
with multi-qubit quantum jump operators opens interesting perspectives for building quan-
tum memories based on dissipation [75] or the demonstration of a novel form of quantum
computing solely based on dissipation [42].
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5.9 Appendix: Refocusing Techniques

As outlined in section 5.3, MS gates on subsets of ions can be achieved (i) either by transferring
ions, which are not supposed to participate in the gate, into decoupled electronic levels, by
the application of hiding pulses, or (ii) alternatively by employing refocusing techniques. In
this appendix we review how MS gates on subsets of ions can be achieved by decomposing
the desired unitary operations into sequences of MS gates, which are applied to all ions,
combined with single-ion refocusing pulses on individiual ions (see also [69]).

Sequence for a MS gate on n− 1 out of n ions:

A MS gate UMS(θ, φ) on all but, say, the n-th ion can be implemented by a combination of

two MS gates of half of the angle θ, and two single-ion z-gates U
(n)
σz = exp(−iπ/2σzn) applied

to the n-th ion, i.e.

U
(0,1,...,n−1)
MS (θ, 0) = U

(n)
σz (π)UMS(θ/2, φ)U

(n)
σz (π)UMS(θ/2, φ) (5.21)

up to an irrelevant global phase. The sequence of four gates can be understood as follows:
With the first MS gate “half” of the final entanglement is created between all pairs {i, j} of
the n ions, due to the pairwise interaction terms underlying the MS gate (5.5). Now, the

spin of the n-th ion is flipped by U
(n)
σz (π), such that in what follows σxn and σyn act effectively

as −σxn and −σyn. In the third step, the second “half” MS gate then entangles all pairs of
ions, which do not include the n-th ion, further; only for the pairs of ions which involve the
n-th ion the entanglement creation of the first step is reversed. In this way, the n-th ion is
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effectively decoupled from all other n− 1 ions. Finally the n-th is flipped back into its initial

orientation by another single-qubit gate U
(n)
σz (π). The four steps are graphically illustrated

in figure 5.7a.

Star-type MS gate of the auxiliary ion with all system ions: It is also straight-
forward to realize an entangling gate between the ancilla ion and each system ion without
creating pairwise entanglement between the system ions. This can be done by the sequence

n∏
i=1

U
(0,i)
MS (θ, φ) = U

(0)
σz (π)UMS(−θ/2, φ)U

(0)
σz (π)UMS(θ/2, φ) (5.22)

which is sketched in figure 5.7b. Here, the second inverse MS gate, which is applied after the
single qubit flip of the auxiliary ion, cancels the initially generated entanglement between all
pairs of ions, which do not include the ancilla ion.

Sequence for a MS gate on 2 of n ions: The sequence for the implementation of the
star-type entangling operation discussed in the previous paragraph can be used to realize a
MS gate on two of n ions (see figure 5.7c). Such two-ion MS gate is an essential building
block for the implementation of the two-qubit gate C(θ), which is needed for the dissipative
simulation discussed in section 5.4. For instance, the sequence for a MS gate on only the
auxiliary ion and the system ion #1 is given by

U
(0,1)
MS (θ, φ) = U

(1)
σz (π)UMS(−θ/4, φ)U

(0)
σz (π)UMS(θ/4, φ)

×U (1)
σz (π)UMS(−θ/4, φ)U

(0)
σz (π)UMS(θ/4, φ) (5.23)

More involved decompositions for MS gates, where more than one or two ions are supposed
to participate in or be excluded from the gate operation, can be constructed accordingly.
In general, they will involve more “partial” MS gates and refocusing pulses, which might at
some point render the alternative approach of hiding pulses on individual ions more suitable.

5.10 Appendix: Gate Decompositions

Here, we provide decompositions of the two-qubit gates Ci(θ), which are needed for the dis-
sipative n-body dynamics as discussed in section 5.4, into MS gates and single-ion rotations.

For the simulation of n-body interactions with n = 4, 8, ... the gate Ci(θ) of Eq. (5.12)
can be decomposed as

Ci(θ) = |0〉〈0|0 ⊗ 1 + |1〉〈1|0 ⊗ exp[iθσyi ]

= e
1
2

(1−σz0)iθσyi

= e
iθ
2
σyi e−

iθ
2
σz0σ

y
i

= e
iθ
2
σyi e−

iπ
4
σx0 U

(0,i)
MS (θ/2, π/2) e

iπ
4
σx0 (5.24)

The two-qubit MS gate on the auxiliary ion and the i-th system ion U
(0,i)
MS (θ/2, π/2) can be

realized via refocusing techniques - see eq. (5.23) in 5.9.

It is straightforward to decompose the two-qubit gates Ci(θ) for other values of n (as
listed in table 5.2) accordingly.
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Figure 5.7. Gate sequences for the realization of entangling gates on subset of ions, by
a combination of MS gates applied to all ions and refocusing pulses on individual ions.
The nodes represent the n + 1 ions, lines between nodes i and j denote entanglement
created between a pair {i, j} of ions during the application of MS gates. The short-hand
notation ±MS/2 and ±MS/4 stands for UMS(±θ/2, φ) and UMS(±θ/4, φ), respectively.

An operation j denotes a single ion pulse U
(j)
σz (π) applied to the i-th ion; ions which have

been exposed to such flip operations are labelled by a small circle, until they are flipped
back into their original orientation. a) Gate decomposition for a MS on all ions except
the n-th ion (cf. eq. (5.21)). b) Gate sequence for the creation of star-type entanglement
between the auxiliary ion (#0) and each of the n system ions. c) Gate sequence for a
MS gate on two ions out of n + 1. Dashed lines correspond to entanglement, which is
created in intermediate steps between an initially disentangled pair of ions {i, j}, if one
(and only one) of the two ions (marked with a circle) has been previously flipped.
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Publication

Trap assisted creation of giant molecules and
Rydberg-mediated coherent charge transfer in a Penning trap†

Physical Review A 79, 010701(R) (2009)

Igor Lesanovsky, Markus Müller and Peter Zoller

Institute for Theoretical Physics, University of Innsbruck, and Institute for Quantum Optics
and Quantum Information of the Austrian Academy of Sciences, Innsbruck, Austria

We study two ions confined in a Penning trap. We show that electronically highly
excited states exist in which an electron is delocalized among the two ions forming a
giant molecule of several micrometer size. At energies close to the top of the Coulomb
barrier these molecular states can be regarded as superpositions of Rydberg states of
individual ions. We illuminate the possibility to observe coherent charge transfer between
the ions. Beyond a critical principal quantum number the electron can coherently tunnel
through the Coulomb barrier to an adjacent doubly charged ion. The tunneling occurs
on timescales on which the dynamics of the nuclei can be considered frozen and radiative
decay can be neglected. The present study can be regarded as a first step towards the
implementation of electronic Hubbard models in an ion trap setup.

As the simplest conceivable molecule, singly ionized molecular hydrogen H+
2 is formed out

of two protons and a single delocalized electron tying the protons together with an equilibrium
distance of just a few Bohr’s radii (a0). In 2000, Greene et al. complemented this class of
conventional homonuclear binary molecules by predicting a new type of ultra-long-range
molecules [1] in which a Rydberg atom forms a molecular entity with a ground state atom.
Recently, such molecular states, where the electron is delocalized over two nuclei which are
separated by 1000 or more a0, have been observed experimentally [2]. Moreover, it has been
shown that Rydberg atoms can form molecular states even if their electronic wave functions
do not overlap [3, 4]. The atoms are held together by the multipole-interaction of their charge
distributions giving rise to equilibrium distances of again several thousand a0. Another class
of ’molecular species’ which however can only exist in a trap is constituted by trapped ions
[5, 6]. At sufficiently low temperatures the mutual Coulomb repulsion which is compensated
by the trapping potential leads to the formation of a Wigner crystal with the interparticle

†The author of the present thesis contributed to this publication primarily by discussions on the interpreta-
tion and presentation of the results. The detailed derivations and numerical calculations have been performed
by IL.
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spacing being typically of the order of µm. The ions can be cooled to their motional ground
state such that the low energy excitations are small oscillations around their equilibrium
positions. These phonons are reminiscent of vibrational molecular excitations. However,
unlike for the previously mentioned molecular species there are no delocalized electrons in
this system.

In this work we show theoretically the possibility to create delocalized electronic states
among positively charged ions separated by several micrometers and confined in a Penning
trap [5, 7] which by itself does not provide confinement for negatively charged particles.
However, delocalized bound electronic states of micrometer size are shown to exist, forming
a new class of trap induced quantum objects. We study the case of two ions, one singly
and the other one doubly charged. This situation is reminiscent of the H+

2 molecule but
with the difference that in the present setup the internuclear distance can be controlled by
the trapping fields and the ’nuclei’ are individually addressable by lasers. In particular,
we investigate states whose energy lies just below the Coulomb barrier separating the ionic
charges. Such states can be thought of as being a superposition of states in which a single
electron occupies a Rydberg state that can be associated with an individual ion. Along this
line we study coherent charge transfer, i.e. the process A++ +A+ → A+ +A++, which can be
understood as coherent tunneling of a laser-excited electron between the Coulomb wells. We
find tunneling rates of the order of hundred MHz. On the corresponding timescale the ionic
motion can be considered frozen and radiative decay plays no role. We discuss the dynamics
of the charge transfer showing that quantum mechanical superpositions of two macroscopic
dipole moments (configurations A++ + A+ and A+ + A++) differing by 105 Debye can be
created. The resulting change in the electric field can be employed to coherently control
other quantum mechanical systems over large distances. Moreover, our work represents a
first step towards the implementation of tight-binding or Hubbard models for electrons in an
ion trap. Compared to implementations relying on atoms in optical lattices the corresponding
tunneling rates are increased by up to six orders of magnitude.

The Penning trap is constituted by a homogeneous magnetic field B = B ez of strength B
and an electric quadrupole field with the potential Φ(r) = −β

[
x2 + y2 − 2z2

]
with β being

the field gradient. In the symmetric gauge, the vector potential is A(r) = 1
2B × r and the

motion of a particle of charge Qe and mass M in this trap is governed by the Hamiltonian
[7]

H(p, r;Q,M) =
1

2M
[p−QeA(r)]2 +QeΦ(r) (A.1)

=
p2

2M
− ωc

2
Lz +

1

2
M
[
ω2
ρρ

2 + ω2
zz

2
]
.

Here Lz = xpy − ypz = −i~∂φ is the z-component of the total angular momentum, and

we have introduced the radial ωρ =
√

(2/M)[(Q2e2B2)/(8M)−Qeβ] and longitudinal ωz =
2
√

(Qeβ)/M trap frequencies as well as the cyclotron frequency ωc = (QeB)/M . In order
to provide radial confinement ωρ has to be real, which is achieved beyond the critical field
strength B1 =

√
(8Mβ)/(Qe). We intend to operate the Penning trap in a regime where

ωρ > ωz, thus forming a prolate trap [8].

We focus on a scenario with two ions being of the same atomic species, but carrying
different charges. The feasibility of preparing and cooling two ion systems in a Penning
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trap has been experimentally demonstrated in Ref. [8]. The Hamiltonian for two ions in
their electronic ground state, where they can be described by two point charges, reads Hg =
H(P1,R1;Q1,M)+H(P2,R2;Q2,M)+VC(|R1−R2|;Q1, Q2) with the Coulomb interaction
VC(|R1 −R2|;Q1, Q2) = (Q1Q2e

2)/(4πε0|R1 −R2|). We assume that the ionic motion has
been cooled to the ground state such that the ions perform harmonic oscillations around their
equilibrium positions

R0,k =
ζ

2

(
0, 0,

(1− k)Q1 + (2− k)Q2

(Q1 +Q2)2/3

)
, (A.2)

with the characteristic length ζ = [e/(2πε0β)]1/3 and k = 1, 2. The transverse oscillation
frequencies are given by the respective values of ωρ whereas the frequencies of the longitudinal

modes evaluate to ω2
z,± = (2eβ)/(M(Q1 +Q2))

[
Q2

1 + 6Q1Q2 +Q2
2 ±

√
Q4

1 + 14Q2
1Q

2
2 +Q4

2

]
.

Throughout this work we will consider 40Ca with Q1 = 2 and Q2 = 1 confined to a Penning
trap with the parameters B = 10 T and β = 2 × 106 V/m2. In this case we find ωρ,1 =
2π× 3.78 MHz, ωρ,2 = 2π× 1.85 MHz, ωz,− = 2π× 0.83 MHz and ωz,+ = 2π× 1.44 MHz. We
furthermore have ζ = 11.29µm and consequently an interionic distance of D = 8.14µm =
153× 103 a0, which allows for individual laser addressability.

The idea of creating delocalized electronic states in this setup is as follows: The valence
electron of the singly charged ion is excited by a laser to a high lying electronic (Rydberg)
state. Here the electron is exposed to the potential of two doubly charged ions. The elec-
tron can hop as soon as its wave function overlaps with the empty Rydberg orbital of the
second ion. By this electronic states that extend over both ionic cores are formed and the
electronic charge can be transferred. The size of a Rydberg orbit is approximately given by
rRyd = (2a0 n

2)/Q with n being the principal quantum number. Requiring rRyd to be half
the equilibrium distance D between the ions one finds that delocalized electronic states are
expected to occur beyond n > nct =

√
D/(2a0) ≈ 277 for the above parameters. Indeed, we

will see later that this is the case even for much smaller values of n.

In order to study the process more quantitatively, we consider the electronic Hamiltonian

Hel = H(p, r;−1,m) (A.3)

+VC(|r−R0,1|; 2,−1) + VC(|r−R0,2|; 2,−1),

where m denotes the electron mass and the ions are frozen at their equilibrium position.
The electronic spin is not considered as it merely gives rise to a constant energy offset. In
Eq. (A.3) we have approximated the interaction potential between the ionic cores and the
electron by a sum of two pure Coulomb potentials of charge 2e. This is a simplification, since
in general the true potential will deviate from the Coulomb potential at small distances due to
the presence of the inner electronic shells. For Rydberg states this gives rise to the quantum
defect of states with low angular momenta [9]. The general features of the charge transfer,
however, will not be affected by the actual value of the quantum defect and an experimental
implementation requires in any case a careful spectroscopic analysis.

In the following, we will motivate an adiabatic single channel approximation in order to
derive an effective one dimensional electronic Hamiltonian. To this end it is instructive to con-
sider the part of H(p, r;−1,m) in Eq. (A.3) which governs the transverse electronic dynam-
ics, providing harmonic confinement with the frequency Ωρ =

√
(2/m) [(e2B2)/(8m) + eβ] =
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Figure A.1. Electronic potential if the ions are frozen at their equilibrium positions of
the configuration A++ + A+. The electronic potential supports bound states which are
delocalized between the two nuclei. For too large excitation energies the saddle point
due to the inverted harmonic potential leads to field ionization.

2π × 140 GHz. The eigenstates of this potential are given by the two-dimensional harmonic
oscillator states Θν,µ(ρ, φ) with the energies Eν,µ = ~(Ωc/2)µ + ~Ωρ (2ν + |µ|+ 1), where
Ωc = (eB)/m. We will see a posteriori that in the regime of interest the energy gap between
the states Θν,µ(ρ, φ) and Θν±1,µ(ρ, φ) is much larger than the energy of the longitudinal elec-
tronic motion. Therefore we can neglect coupling between oscillator states with different ν.
For fixed ν, states with different µ are only coupled if the interatomic axis does not coin-
cide with the z-axis. For infinitely heavy ions in equilibrium this is not the case. In the
case of finite mass, the corresponding couplings will lead to a modification of the electronic
wave function depending on the positions of the ions which has to be taken into account by
averaging over the ionic probability density. The dominant part of this averaging however
will arise from the configuration where both ions are located on the z-axis. We therefore can
neglect couplings between states with different µ and still obtain a qualitatively correct pic-
ture. In our approximation the transversal electronic motion is frozen in the oscillator ground
state Θ0,0(ρ, φ) = (

√
πρ0)−1 exp

[
−(ρ/ρ0)2/2

]
with ρ0 =

√
~/(mΩρ) ≈ 216 a0 and we use the

ansatz Ψ(ρ, z, φ) = Θ0,0(ρ, φ)φ(z) for the electronic eigenstates. Such a quasi one-dimensional
scenario is typical for atoms and molecules [10] in strong magnetic fields. It has also been
reported for electron-hole pairs in a semiconductor at high magnetic fields [11] and for long-
range molecules formed by a ground state and a Rydberg atom [12]. The effective Hamil-
tonian for the longitudinal dynamics is obtained by H‖ =

∫
dφ
∫
dρ ρΘ∗0,0(ρ, φ)HelΘ0,0(ρ, φ).

Neglecting a constant energy offset one obtains

H‖ =
p2
z

2m
− e2

2πε0

√
π

ρ0

2∑
k=1

exp
[
(z − Z0,k)

2/ρ2
0

]
×erfc

( |z − Z0,k|
ρ0

)
− 1

2
mΩ2

zz
2 (A.4)

where Ωz = 2
√

(eβ)/m = 2π× 189 MHz is the ’frequency’ of the inverted parabolic potential
and erfc(x) is the complementary error function. The corresponding longitudinal potential
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is presented in Fig. A.1. If the electron is far away from either ionic core the potential is
approximately a sum of two one-dimensional Coulomb potentials V1d = −e2/(2πε0|z|) cen-
tered at the respective ionic equilibrium positions. For small excitation energies the potential
wells are well separated. If the excitation energy surpasses Edel ≈ −(2e2)/(πε0D) the wells
merge and hence electronic states which extend over both ionic cores are possible. Express-
ing Edel in terms of the principal quantum number n one finds this merging to occur at
ndel ≈ (e/~)

√
(mD)/(16πε0). For the employed parameter set one finds the numerical value

ndel = 195.654 1, which is significantly smaller than the principal quantum number we ob-
tained earlier by invoking the argument of overlapping wave functions. Further inspection of
the potential reveals that the inverted parabolic potential due to the Penning trap eventually
leads to field ionization which is shown in Fig. A.1. The position of the saddle (zsd > Z0,2) is
given by zsd = γZ0,2 where γ > 1 is the solution of the equation (γ−1)−2+(γ+1/2)−2−σγ = 0

and σ =
[
(1/2)mΩ2

zZ
2
0,2

] [
e2/(4πε0|Z0,2|)

]−1
= (1/2)Q3

1/(Q1 + Q2)2 = 4/9. This equation is
solved by γ = 2.12 and thus the saddle point is for our parameters located at zsd = 217523 a0.
From this we find that classically ionization is expected to occur beyond energies correspond-

ing to the principal quantum nion = 1.456
√
Z0,2/a0 = (0.21 e2/3√m)/(~ε2/30 β1/6) ≈ 466.

Hence there is an energy window ndel < n < nion in which delocalized electronic states exist.
Here the escape of the electron from the trap is prevented by its attraction to the doubly
charged ion. For the given parameters the width of this window is about ~ 2π × 60 GHz.

We now focus on the electronic states which lie close to the top of the Coulomb barrier.
Since for these states the asymmetry of the electronic potential due to the anti-confining
is small it makes sense to define gerade and ungerade states with respect to the approxi-
mate symmetry point zsym = (Z0,1 + Z0,2)/2. In Fig. A.2 we show a sketch of the energy
level structure of Hamiltonian (A.4) in the vicinity of ndel. Gerade (|Eg〉) and ungerade
states (|Eu〉) are energetically split by the energy 2~κ = Eu − Eg with κ being the tun-
nel coupling. The splitting increases with increasing degree of excitation. States which are
localized in the left (|El〉) or right well (|Er〉) can be created by the linear combinations
|El〉 = (1/

√
2) [|Eg〉+ |Eu〉] and |Er〉 = (1/

√
2) [|Eg〉 − |Eu〉], respectively. They are not sta-

tionary but evolve under the Hamiltonian Htunnel = ~κ |El〉 〈Er|+ h.c. which describes Rabi
oscillations of the electronic density between the left and right well at a rate κ. As an ex-
ample we provide two sets of gerade/ungerade eigenstates which were obtained for the above

parameters: Their energies correspond to the principal quantum numbers n
(1)
g = 195.318,

n
(1)
u = 195.335 and n

(2)
g = 195.599, n

(2)
u = 195.668. The tunnel coupling in the two cases

evaluates to κ1 = 2π×29.5 MHz and κ2 = 2π×121.2 MHz. Since these rates are significantly
larger than the oscillation frequencies of the ionic cores it is indeed justified to use the picture
of a frozen ionic motion. Moreover, the rates are much larger than the radiative decay rate
of Rydberg states which is usually smaller than 1 MHz [9]. Therefore the described process
can be considered coherent.

We are now in position to study the charge transfer process A++ +A+ → A+ +A++. To
this end we employ two laser fields coupling the ground state of the right ion |Gr〉 resonantly
to the state |Er〉 with a Rabi frequency Ω2. Due to the tunnel coupling the state |Er〉 evolves
into the state |El〉 which is then resonantly coupled to the ground state |Gl〉 of the left ion

1Throughout this work we use the notion ’principal quantum number’ as a convenient energy measure and
hence also fractional values can occur. The conversion to energy units is given by E(n) = −4× 13.6 eVn−2.
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Figure A.2. Sketch of the energy level structure close to ndel. Here the influence
of the inverted parabolic potential can be approximately neglected and the states can
be characterized by their symmetry property under reflection at zsym. The energies of
these pairs of gerade/ungerade states are indicated by dashed/solid lines. The pairs are
almost degenerate with a small energy splitting κi. Wave functions which are localized
in one of the two wells (

∣∣El/r〉) can be created by linear superpositions of the gerade and
ungerade states. Examples of two such wave functions are shown.
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Figure A.3. Cut through the external potential along the normal coordinate Za with
Zb = 0. The equilibrium positions of the initial configuration (A+++A+) do not coincide
with those of the final configuration (A+ + A++). As a consequence there is a relative
detuning ∆ between the initial and final state which has to be accounted for during the
laser excitation.
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Figure A.4. Time dependence of the probability to find the electron with the left ion
for δ = 0.2, 0.5, 2.5 and the asymptotic curve for δ � 1. Initially the electron is with
the right ion. The time-evolution is governed by the Hamiltonian (A.5).

with Rabi frequency Ω1. During the charge transfer the external positions of the ions are
frozen. Hence, the external state of the final configuration A+ +A++ will be displaced from
its equilibrium. The corresponding energy off-set, i.e. the change in potential energy ~∆, has
to be accounted for in order to make the transition |El〉 → |Gl〉 resonant. This is shown in
Fig. A.3 where the potentials of the ground state configurations A++ +A+ and A+ +A++ are
depicted. The intersections shown are made along the normal coordinate Za = α−Z1 +α+Z2

at Zb = −α+Z1 + α−Z2 set to zero. The coefficients are given by α± =
√

(1/2)± 3/(2
√

73).

The energy gap between the two configurations evaluates to ~∆ = (eβζ2)/(2 × 31/3) which
yields for our parameters ∆ = 2π × 21.4 GHz.

With the two lasers turned on and choosing Ω1 = Ω2 = Ω the electronic dynamics is
governed by the Hamiltonian

Htun/~ = Ω |Gl〉 〈El|+ Ω |Gr〉 〈Er|+ κ |El〉 〈Er|+ h.c., (A.5)

where
∣∣Gr/l〉 is the ground state of a singly charged ion at the left or right position in

the trap. The probability of finding the electron in the left potential well is given by
pleft(t) = 1

1+4δ2

[
δ2(cos(ε−κt)− cos(ε+κt))

2

+(ε+ sin(ε−κt)− ε− sin(ε+κt))
2
]

with ε± =
√

(1 + 2δ ±
√

1 + 4δ2)/2 and δ = Ω/κ. In
Fig. A.4 this probability is shown for three different values of δ. For δ = 0.2 the electron
mainly stays with the right ion over the time interval shown. As δ increases the likelihood
to find the electron in the left well increases significantly for small times. In the limit δ � 1
one finds pleft(t) = (1/2)(1 − cos(κt)) and the electron is found with certainty to be with
the left ion at the times tm = (2m + 1)π/κ. Once the transfer is performed and the lasers
are switched off the system is in a vibrationally highly excited state as can be seen from the
potential surfaces presented in Fig. A.3. A successful charge transfer, which can be moni-
tored by fluorescence imaging on a frequency which is only resonant on a transition of the
singly charged ion, will be accompanied by strong oscillations of the ions. Apart from the
complete transfer is is also possible to create coherent superpositions of the states A++ +A+
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and A+ + A++. Thereby a large motional Schrödinger cat state can be realized. Since the
dipole moments of the corresponding configurations differ by approximately eζ = 5 × 105

Debye, coherent superpositions of two macroscopically different dipoles are achieved.
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I.L. acknowledges the hospitality of ITAMP. We acknowledge support from the Austrian
Science Fund (FWF) within the SFB 15, from the EU within the SCALA network and from
the Institute for Quantum Information.

Bibliography

[1] C. H. Greene, A. S. Dickinson, and H. R. Sadeghpour, Phys. Rev. Lett. 85, 2458 (2000)

[2] V. Bendkowsky et al., arXiv:0809.2961 (2008)

[3] C. Boisseau, I. Simbotin, and R. Côté, Phys. Rev. Lett. 88, 133004 (2002)
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When Rydberg states are excited in a dense atomic gas the mean number of excited
atoms reaches a stationary value after an initial transient period. We shed light on the ori-
gin of this steady state that emerges from a purely coherent evolution of a closed system.
To this end we consider a one-dimensional ring lattice, and employ the perfect blockade
model, i.e. the simultaneous excitation of Rydberg atoms occupying neighboring sites
is forbidden. We derive an equation of motion which governs the system’s evolution in
excitation number space. This equation possesses a steady state which is strongly local-
ized. Our findings show that this state is to a good accuracy given by the density matrix
of the microcanonical ensemble where the corresponding microstates are the zero energy
eigenstates of the interaction Hamiltonian. We analyze the statistics of the Rydberg atom
number count providing expressions for the number of excited Rydberg atoms and the
Mandel Q-parameter in equilibrium.

2.1 Introduction

In Rydberg states of alkali atoms the valence electron occupies a high lying orbit and is only
loosely bound to the ionic core [1]. This large displacement between the charges (∼ 100 nm)
gives rise to a large atomic polarizability [2] and strong interatomic interactions. This has
been impressively demonstrated in an ultracold gas where atoms have been laser excited to

†The author of the present thesis contributed to this publication through discussions on the derivation and
interpretation of the results, in particular the graph description of the Rydberg excitation dynamics. The
detailed analytical and numerical calculations have been performed by BO and IL.
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Figure B.1. Number of Rydberg atoms as a function of time when initially no Rydberg
atom is excited. One observes an initial (transient) phase with large contrast oscillations
followed by a steady state. These features do not depend on the actual details of the
system, i.e. the exact atomic interaction, the atomic arrangement and the boundary
conditions. The data here is shown for a ring lattice with 25 sites. Each site is occupied
by the same number of atoms N0 and the atoms are resonantly coupled to a Rydberg
state by a laser with Rabi frequency Ω0. The interaction strength between neighboring
Rydberg atoms is taken to be infinite. The next-nearest neighbor interaction is zero.
The time is given in units of the inverse collective Rabi frequency Ω−1.

Rydberg states from their electronic ground state [3]. The strong state-dependent interaction
forbids the simultaneous excitation of two atoms when they are too close. This effect - the
Rydberg blockade - has potential application in quantum information processing [4–7], the
preparation of many-particle states [8] in optical lattices and the creation of non-classical
light sources [9, 10].

A coherently laser-driven gas of Rydberg atoms constitutes an ideal specimen to study
the complex many-body dynamics of a strongly interacting quantum system. The underlying
Hamiltonian can be formulated as a spin model [8, 11–15] whose properties are tunable
through the laser parameters and the choice of particular Rydberg states. The experimental
realization of such a system has been achieved in several labs and the detection of Rydberg
atoms can be carried out with high efficiency. Hence, observables such as the number of
Rydberg atoms can be recorded with high accuracy. A typical experiment starts with all
atoms being initialized in the ground state. The laser which couples the ground to the
Rydberg state is turned on for a certain time t after which the number of Rydberg atoms
is detected [3, 16, 17]. The resulting signal is determined by the interplay between the
laser driving and the strong state-dependent interaction [3]. The typical appearance of the
temporal evolution of the Rydberg number nr obtained from theoretical studies [8, 11, 13, 14]
is depicted in fig. B.1. At small times (t ≤ ttrans) nr rises first quadratically in t showing
subsequently a number of oscillations with high contrast. After this transient period the
oscillations diminish and nr approaches a constant value around which it performs small
amplitude fluctuations which decrease with increasing system size. This general appearance
is independent of the exact details of the system, e.g. the actual arrangement of the atoms
and the boundary conditions. In experiments which are carried out in disordered gases
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the individual oscillations might not be observable since averaging over many experimental
realizations also means averaging over many different spatial distributions of the atoms [12].
Each of these distributions gives rise to a different shape of the oscillating features in fig. B.1
and eventually the oscillations are washed out.

The steady state shown in fig. B.1 is the result of a purely coherent dynamics of a
closed system and does not come about due to dissipation stemming from the coupling to an
external bath. In experiments a fundamental cause of dissipation would be radiative decay
of atoms which typically occurs on a timescale τrad ∼ 10− 100µs. This is long compared to
the time it takes to carry out the experiment τexp ∼ 1µs. Consequently, it is well-justified
to neglect radiative decay in theoretical models of gases of Rydberg-excited atoms when the
time-evolution is restricted to time intervals smaller than τrad. Since any numerical treatment
can only encompass a finite number of degrees of freedom, there is always a revival time trev

after which the system returns to its initial state. The steady state which is observed in fig.
B.1 can thus be itself only a transient effect. However, in practice we have τrad � trev and
thus the common theoretical models which consider only coherent dynamics are invalid for
such long times. Thus, the steady state we are referring to in this work exists in the time
interval ttrans < t < τrad.

The purpose of this work is to study the origin of this steady state which occurs as result
of a purely coherent dynamics of a closed system. This subject is closely related to the
discussion about how and why a closed system which is prepared in a pure state actually
thermalizes. I.e. why and how does such system assume a state in which the mean values
of macroscopic observables are stationary and why can these mean values be calculated from
the microcanonical ensemble? These questions are of fundamental interest [18, 19] and have
been investigated in a number of systems [20–24].

In the present work it is particularly insightful to study the evolution of the atomic gas in
excitation number space, i.e. between subspaces of the system’s Hilbert space which contain
the same number of Rydberg atoms. Throughout, we employ the perfect blockade model of a
Rydberg gas which has been extensively discussed in Refs. [11, 14]: Two-level atoms (ground
state |g〉, Rydberg state |r〉) are confined to a ring lattice with N sites. Each site contains the
same number (N0) of atoms, which occupy a single spatial mode and no tunneling between
adjacent sites occurs. I.e. the external degrees of freedom are frozen out. A laser with Rabi
frequency Ω couples |r〉 and |g〉, resonantly. The interaction between Rydberg atoms is so
strong that the interaction energy of two atoms occupying the same site or adjacent sites is
infinite 1. The interaction between Rydberg atoms being separated by two or more sites is
zero.

The physical degrees of freedom are the two internal states of the atoms located at individ-
ual sites, i.e. their measurement eventually determines nr. The state-dependent interaction in
conjunction with the laser coupling, however, leads to such a strong mixing that perturbation
theory in these physical degrees of freedom becomes meaningless. Instead, the eigenstates
of the system are collective, delocalized excitations which contain no well-defined number of
Rydberg atoms. When studying the evolution in excitation number space under the action of
the laser, we find that the strong interaction causes quasi-random couplings between regions
of the Hilbert space which contain a different (and well-defined) number of Rydberg atoms.

1In practice this means that the interaction energy has to be much larger than Ω.
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This randomness allows us to derive an effective equation for the time-evolution of the prob-
ability of being in a subspace with certain fixed excitation number. The resulting equation
possesses a steady state which solely depends on the dimension of the excitation number
subspaces. A comparison to the results obtained from the numerically exact propagation of
the Schrödinger equation shows good agreement.

2.2 Hamiltonian

2.2.1 Formulation in the physical degrees of freedom

We consider atoms trapped in a ring-shaped one-dimensional lattice with N sites. We will
see, that despite its simplicity this model offers interesting insights into the dynamics of
laser-driven Rydberg gases which are usually carried out in a gas cloud. The Hamiltonian is
given by

H = H0 +Hint = Ω

N∑
k=1

σ(k)
x +

β

4

N∑
k>l

(
1 + σ

(k)
z

)(
1 + σ

(l)
z

)
|k − l|γ (B.1)

where σ
(k)
x and σ

(k)
z are the usual Pauli spin matrices acting on the internal state of the atom

located at site k and σ
(N+1)
x = σ

(1)
x . The first part (H0) describes the interaction of the

atoms with the laser within the rotating-wave approximation. Hint accounts for interaction
between Rydberg atoms located different sites. The atomic states are identified as |g〉k ≡ |↓〉k
and |r〉k ≡ |↑〉k and

(
1 + σ

(k)
z

)
/2 is the projector on the Rydberg state at site k. We are

interested here in atomic Rydberg states that interact via the van-der-Waals interaction. In
this case we have γ = 6 and the parameter β = C6/a

6 determines the interaction strength
with C6 being the van-der-Waals coefficient [25] and a the lattice spacing. The transition
|g〉k → |r〉k is resonantly (zero detuning) driven with the Rabi frequency Ω. In case of a single
atom per site Ω is equal to the single atom Rabi frequency Ω0. If each site is occupied by
the same number (N0 � 1) of atoms Ω corresponds to the collective Rabi frequency

√
N0Ω0.

In this case the laser couples the product state |g〉k ≡ [|g〉k]1⊗ ...⊗ [|g〉k]N0
to the superatom

state |r〉k ≡ S
{

[|r〉k]1 ⊗ [|g〉k]2 ⊗ ...⊗ [|g〉k]N0

}
(S is the symmetrization operator). The

derivation and the validity of Hamiltonian (B.1) is thoroughly discussed in Refs. [8, 14].

We are now interested in the regime of the so-called perfect blockade which was introduced
in Refs. [11, 14]. In this limit we replace the van-der-Waals interaction by an interaction
potential whose value is β � Ω for nearest neighbors and 0 for atoms which are further
apart. This means that we effectively consider the case in which γ in eq. (B.1) is infinite.
The perfect blockade model is then valid provided that 1 � Ω/β = a6Ω/C6 � 1/64, i.e. Ω
has to be much smaller than the nearest neighbor interaction but at the same time much
larger than the next nearest neighbor interaction. In practice this means β ' 10Ω. For
such a choice the further results, which will be obtained under the assumption of the perfect
blockade, are virtually indistinguishable from those obtained for van-der-Waals interacting
atoms. Such good agreement was also reported in Ref. [11] and is a speciality of the one-
dimensional nature of our system; for comparison: In two dimensions the perfect blockade
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Figure B.2. Irreducible graph for a lattice with N = 10 sites in which the time-
evolution takes place. Each column contains states with the same number of Rydberg
excitations. The laser (Hamiltonian H0) only couples adjacent subspaces. The coupling
strength (transition probability) between the individual states is encoded in the colors
and line style.

model was valid provided that 1 � Ω/β � 1/8 which is actually difficult to satisfy. The
perfect blockade approach has the advantage that certain aspects of the system, e.g. its steady
state and derived quantities, can be calculated analytically. Within the perfect blockade the
only states |φ〉 which participate in the dynamics are those which satisfy(

lim
γ→∞

Hint

)
|φ〉 = 0. (B.2)

The restriction to this set of states is the manifestation of the strong interaction among the
Rydberg atoms. The states |φ〉 can contain any number of Rydberg excitations between 0
and nmax, which is the next integer smaller than N/2.

The laser Hamiltonian H0 can only couple states whose excitation number differs by one.
Moreover, due to the differences in the spatial distribution of the excitations only certain
states are connected by the laser. A convenient way to illustrate the coupling is a graph as
shown in fig. B.2. Here vertices in the same column contain the same number of Rydberg
atoms and adjacent columns are connected by the laser Hamiltonian H0. A similar approach
to the representation of an interacting many particle system was employed by Altshuler et al.
in Ref. [26]. Here a system of interacting fermions was represented as a graph whose vertices
are represented by Fock states. Coupling between these states was caused by the interaction.
In our case the interaction determines the vertices and the single particle Hamiltonian (H0)
determines their coupling. Fig. B.2 shows the fully reduced graph for N = 10 where only
states which are invariant under reversal (k → N − k + 1) and cyclic shifts (k → k + 1) of
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the sites of the ring lattice are considered (see Ref. [14]). The state in which all atoms are
in the ground state, i.e. |0〉 =

∏N
k=1 |g〉k, is contained in this fully symmetric set. Solving

the Schrödinger equation of Hamiltonian (B.1) with this (vacuum) state as initial state and
calculating the mean number of Rydberg atoms

nr(t) = 〈Ψ(t)|
N∑
k=1

1 + σ
(k)
z

2
|Ψ(t)〉 (B.3)

with |Ψ(t)〉 = exp(−iHt) |0〉 eventually gives rise to the data presented in fig. B.1.

2.2.2 Hamiltonian in excitation number space

Due to the strong interaction a formulation of the problem in terms of the physical degrees
of freedom (localized atoms) seems disadvantageous. Instead, it appears more natural to
base the discussion on the graph depicted in fig. B.2. Initially the system is localized on
the leftmost vertex of the graph, i.e. it resides in the vacuum state |0〉 =

∏N
k=1 |g〉k. Once

the laser is turned on, coupling to neighboring vertices is established and the propagation of
population through the graph sets in. Eventually, the mean Rydberg number is determined
by the probability ρm(t) of the system to be in the subspace containing m excitations:

nr(t) =

nmax∑
m=0

mρm(t). (B.4)

ρm(t) is hereby the probability density derived from |Ψ(t)〉 and integrated over each column
of the graph. Note, that expressions (B.3) and (B.4) are equivalent.

In order to make the excitation number spaces explicitly appear in the equations, we use
the following matrix representation of the wave function:

Ψ =



...
Ψm−1

Ψm

Ψm+1
...

 = Ψ0 ⊕ ...⊕Ψm ⊕ ...⊕Ψnmax . (B.5)

The vectors Ψm are the projections of the wave function onto the space with m excitations
and contain dimm components which are labeled by the indices αm = 1, ...,dimm, i.e. dimm

is the number of possibilities of placing m Rydberg atoms on the ring that are compatible
with the constraint (B.2). The probabilities ρm are defined by

ρm = Ψ†mΨm. (B.6)

In this representation the Hamiltonian becomes

H =



0
. . . 0 0 0

. . . 0 Cn−1,n 0 0

0 C†n−1,n 0 Cn,n+1 0

0 0 C†n,n+1 0
. . .

0 0 0
. . . 0


(B.7)
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where the operators Cn−1,n and C†n−1,n connect the subspaces which contain n − 1 and n
Rydberg atoms. Each of the subspaces contains dimn states. Hence, Cn,n+1 is a dimn ×
dimn+1-matrix. The block structure of the Hamiltonian (B.7) is a direct consequence of the
property of the laser Hamiltonian to couple only subspaces whose excitation number differs
by one.

The projection operator onto the space containing n Rydberg atoms is given by |n〉 〈n|,
and we can define Ψn = 〈n | Ψ〉. This allows us to rewrite Hamiltonian (B.7) more compactly
as

H =

nmax∑
n,m=0

|m〉 〈m|H |n〉 〈n| =
nmax∑
n=0

[
Cn,n+1 |n〉 〈n+ 1|+ C†n,n+1 |n+ 1〉 〈n|

]
. (B.8)

2.3 Time-evolution in the excitation number subspace

2.3.1 Time-evolution of the projection operators

Our goal is to calculate the time-evolution of the projection operators |m〉 〈m|. This will
eventually enable us to calculate the quantities ρm(t). To this end we consider the Heisenberg
equation of motion

∂t |m〉 〈m| = i [H, |m〉 〈m|] (B.9)

which can be formally integrated to yield

|m〉 〈m|t − |m〉 〈m|0 = i

∫ t

0
dt′ [H, |m〉 〈m|t′ ] . (B.10)

For small times τ we obtain up to second order

|m〉 〈m|τ − |m〉 〈m|0 = iτ [H, |m〉 〈m|0]− τ2

2
[H, [H, |m〉 〈m|0]] . (B.11)

With |m〉 〈m|0 ≡ |m〉 〈m| the first commutator evaluates to

[H, |m〉 〈m|] = Cm−1,m |m− 1〉 〈m|+ C†m,m+1 |m+ 1〉 〈m|
−Cm,m+1 |m〉 〈m+ 1| − C†m−1,m |m〉 〈m− 1| (B.12)

= C†m,m−1 |m− 1〉 〈m| − Cm,m−1 |m〉 〈m− 1|
+C†m,m+1 |m+ 1〉 〈m| − Cm,m+1 |m〉 〈m+ 1| . (B.13)

where we have used Cm−1,m = C†m,m−1. The second double-commutator becomes

1

2
[H, [H, |m〉 〈m|]] =

[
Cm,m+1C†m,m+1 + Cm,m−1C†m,m−1

]
|m〉 〈m| (B.14)

−C†m,m−1Cm,m−1 |m− 1〉 〈m− 1| − C†m,m+1Cm,m+1 |m+ 1〉 〈m+ 1|
−C†m−1,mCm,m+1 |m− 1〉 〈m+ 1| − C†m,m+1Cm,m−1 |m+ 1〉 〈m− 1|

+
1

2

[
C†m−1,m−2C†m,m−1 |m− 2〉 〈m|+ Cm,m−1Cm−1,m−2 |m〉 〈m− 2|

+C†m+1,m+2C†m,m+1 |m+ 2〉 〈m|+ Cm,m+1Cm+1,m+2 |m〉 〈m+ 2|
]
.
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2.3.2 Effective equation of motion for ρm

Using eq. (B.11) and the definition ρm = Ψ†mΨm = 〈Ψ | m〉 〈m | Ψ〉 we find

ρm(τ)− ρm(0) = iτ 〈Ψ| [H, |m〉 〈m|] |Ψ〉 − τ2

2
〈Ψ| [H, [H, |m〉 〈m|]] |Ψ〉 . (B.15)

The first commutator contains terms of the form

〈Ψ | m− 1〉 C†m,m−1 〈m | Ψ〉 = Ψ†m−1C†m,m−1Ψm

=

dimm−1∑
αm−1=1

dimm∑
βm=1

[
Ψ†m−1

]
αm−1

[
C†m,m−1

]
αm−1,βm

[Ψm]βm

=
∑

αm−1βm

[
Ψ†m−1

]
αm−1

[Cm,m−1]βm,αm−1
[Ψm]βm . (B.16)

Here we have exploited that C†m−1,m is a real matrix.

The interaction between the Rydberg atoms manifests itself in the structure of the ma-
trices C†m−1,m which were initially constructed in a product basis in which the single atoms
constitute the fundamental degrees of freedom. The strong interaction, however, favors col-
lective excitations which are complex superpositions of the single atom excitations. It is thus
reasonable to assume that the single atom degrees of freedom are so strongly mixed that the
entries of C†m−1,m can be regarded as uncorrelated. In this case the expression

Σ =
∑

αm−1βm

[
Ψ†m−1

]
αm−1

[Cm,m−1]βm,αm−1
[Ψm]βm (B.17)

just becomes a sum of random complex numbers. Its magnitude, i.e. |Σ| can be esti-
mated as follows: The components of the wave vector can be approximated by [Ψm]βm ≈
(dim)−1/2eiφβm , with dim =

∑nmax
n=0 dimn and φβm being some phase. With this we can

estimate

|Σ| ∼ cm,m−1

dim

∣∣∣∣∣∣
∑

αm−1βm

ei(φβm−φαm−1 )

∣∣∣∣∣∣ ≈ cm,m−1

dim

√
dimm dimm−1, (B.18)

where we have assumed that the complex numbers ei(φβm−φαm−1 ) are randomly (uniformly)
distributed. This allows us to employ the relation |∑N

k=1 e
iαk | ≈

√
N since in case of randomly

distributed αk we are just dealing with a random walk in two dimensions. The constant
cm,m−1 relates to the mean value of the entries of the matrix Cm,m−1.

The same line of argument holds true for terms stemming from the double commutator
which are of the form

〈Ψ | m〉 Cm,m+1Cm+1,m+2 〈m+ 2 | Ψ〉 . (B.19)

Since the entries of the matrices Cm,m+1 and Cm+1,m+2 are not correlated, their product
is again a matrix with randomly distributed elements. The magnitude of these terms can
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be estimated by employing again the picture of the random walk in two dimensions. The
modulus of (B.19) then approximately evaluates to cm,m+1,m+2

√
dimm dimm+2/dim.

Qualitatively different, however, are the terms of the form

〈Ψ | m〉 Cm,m+1C†m,m+1 〈m | Ψ〉 =
∑
αmβm

[
Ψ†m

]
αm

[Ψm]βm

∑
γm+1

[Cm,m+1]αm,γm+1
[Cm,m+1]βm,γm+1

,

where the matrix Cm,m+1 appears twice. Since the matrix elements of Cm,m+1 are uncorrelated
only the diagonal elements of the matrix product yield on average a non-zero value, hence∑

γm+1

[Cm,m+1]αm,γm+1
[Cm,m+1]βm,γm+1

≈ [κm,m+1]αm δαm,βm . (B.20)

Moreover, since the results cannot depend on the choice of the basis functions spanning a
given m-excitation subspace, we can say that [κm,m+1]αm = κm,m+1 and hence

〈Ψ | m〉 Cm,m+1C†m,m+1 〈m | Ψ〉 ≈ κm,m+1

∑
αm

[
Ψ†m

]
αm

[Ψm]αm

= κm,m+1Ψ
†
mΨm = κm,m+1ρm(0). (B.21)

Estimating κm,m+1 ∝ dimm+1 the modulus of these (diagonal) terms is proportional to
dimmdimm+1/dim.

We now return to eq. (B.15). We neglect all terms of the form (B.16) and (B.19) keep

only the dominant ones, e.g. those which contain products of the form Cm,m+1C†m,m+1. By
this we obtain

ρm(τ)− ρm(0) ≈ −τ2 [κm,m+1 + κm,m−1] ρm(0)

+τ2 [κm−1,mρm−1(0) + κm+1,mρm+1(0)] . (B.22)

Here we have used∑
αm

[Cm,m+1]αm,βm+1
[Cm,m+1]αm,γm+1

≈ κm+1,mδβm+1,γm+1 , (B.23)

from which follows that

κm+1,m

κm,m+1
=

dimm

dimm+1
. (B.24)

We can thus make the ansatz κm,m+1 = umdimm+1 and κm+1,m = umdimm and find, omitting
the t = 0 argument of ρm(0),

ρm(τ)− ρm ≈ −τ2 [umdimm+1 + um−1dimm−1] ρm

+τ2 [um−1dimmρm−1 + umdimmρm+1] . (B.25)

This equation neglects coherent processes which have effectively been eliminated by the ne-
glect of terms of the form (B.16) and (B.19). Thus eq. (B.25) cannot be valid for arbitrary
small values of τ as here certainly coherent effects dominate the evolution. Instead, the in-
terval τ has to be chosen sufficiently large such that terms of the form (B.21) dominate all
other contributions whose importance diminishes due to the summation of complex numbers
with random phases. Eq. (B.25) is thus a maps the which propagates the vector ρ(t0) by a
’coarse-grained’ timestep τ , i.e. ρ(t0)→ ρ(t0 + τ). τ is thereby chosen much smaller than the
typical timescale which governs the evolution of ρm(t).
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2.4 The steady state

The steady state is defined through

ρsteady
n (τ)− ρsteady

n = 0, (B.26)

i.e. it is a fix point of the mapping (B.25). The mapping contains the unknown coefficients
um which contain information about how adjacent excitation subspaces are connected. For-
tunately, in order to determine the steady state their knowledge is not necessary. It is only
required that um 6= 0, which is always the case. The solution of eq. (B.26) is given by

ρsteady
n =

dimn

dim
. (B.27)

Thus it is only the number of states contained in a given excitation number subspace that
determines the steady state. It is actually possible to calculate the dimension of the subspaces
with fixed number of excitations, analytically. This is done by counting all states of the single
atom product basis that contain m excited atoms and obey condition (B.2). The result is

ρsteady
m =

1

dim

N

N −m

(
N −m
m

)
with dim =

nmax∑
m=0

N

N −m

(
N −m
m

)
.(B.28)

Note, that this result encompasses all possible basis states and not only the fully symmetric
ones which constitute the graph (B.2). It is interesting to see how ρsteady

m behaves in the
limit of large N , where we have nmax = N/2. It is convenient to introduce the variable
α = m/N which is the number of Rydberg atoms divided by the number of sites. Using
Stirling’s formula we can approximate eq. (B.28) by

ρsteady
m ∝ 1√

2πN

√
1− α

α(1− 2α)

(
(1− α)1−α

αα(1− 2α)1−2α

)N
. (B.29)

This function has a very pronounced peak and, for large N , we can approximate ρsteady
m (α)

by a Gaussian. The position of the maximum of the function is the solution of the equation

lnα+ ln (1− α)− 2 ln (1− 2α)− 1

N(1− 2α)
+

1

2Nα(1− α)
= 0, (B.30)

where ln(x) is the natural logarithm. Since the number of sites N is taken to be very large,
we can neglect the last two terms, and then obtain that the function (B.29) assumes its
maximum at

αmax =
1

2

[
1− 1√

5

]
≈ 0.276. (B.31)

Around this peak value the squared width of ρsteady
m (α) is given by

σ2
α =

1

5
√

5N
(B.32)
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Hence, for large N the probability distribution in particle number space is strongly peaked
with an overwhelming weight on αmax. The mean number of Rydberg atoms in the steady
state is thus expected to be n̄r = αmax × N and the fluctuation should vanish. The value
of n̄r is slightly bigger than the values reported in Refs. [11, 14]. As we will see in the next
section this is due to the particular choice of the initial state.

The distribution ρsteady
m (α) contains the full statistics of the Rydberg atom number count.

Strong interactions are known to have an effect on the counting statistics leading to a sub-
Poissonian distribution [27, 28] of the Rydberg number. A measure for this is given by the
Mandel Q-parameter

Q =
n̄2
r − n̄r2

n̄r
− 1, (B.33)

which is negative/positive for a sub-/super-Poissonian distribution of the Rydberg atom
number count. In the steady state we find

Qsteady =
N σ2

α

αmax
− 1 =

√
5− 9

10
≈ −0.676 (B.34)

which shows the expected sub-Poissonian behavior.

For the sake of completeness let us consider the case of non-interacting atoms. Here one
obtains for the probability density

ρm(t) =

(
N
m

)
sin2N t cos2N−2m t (B.35)

and hence the probability density in excitation number space performs an oscillatory motion
at all times.

2.5 Numerical results

We are now going to compare the results that we obtained from the previous section to the
actual data obtained from a numerical propagation of the Schrödinger equation. In order
to make the numerical solution feasible we massively exploit the symmetry properties of the
system. In all numerical calculations we refer to a set of basis states which are invariant
under cyclic shifts and reversal of the lattice sites as has been used in Ref. [14]. I.e. we
operate only in a subspace of the space which is spanned by all states being compatible with
the perfect blockade condition (B.2).

2.5.1 Evolution into the steady state

Let us start by inspecting the evolution of ρn when choosing the vacuum as initial state,
i.e. ρ0 = 1, and N = 25. The result is shown in fig. B.3a. For t ≤ 5 we observe a well-
defined wave packet which propagates through the excitation number space performing an
oscillatory motion. For longer times the amplitude of the oscillations decreases, however, the
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Figure B.3. Temporal evolution of the system consisting of 25 atoms in particle number
space. Initially all atoms are in the ground state, i.e. ρ0 = 1. a: In the interacting case
(perfect blockade) the system reaches eventually a state in which the probability density
localizes in excitation number space. b: This is not the case in the absence of interactions.
Here, the wave packet performs coherent oscillations with maximal amplitude. Note the
different scale of the n-axis.
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Figure B.4. Probability density ρn in excitation number space for N = 20 and N = 25.
The green (thin) curves are snapshots taken during the interval 100 ≤ t ≤ 104. For these
times the calculated Rydberg number shows the steady state shown in fig. B.1. The
dashed curve is obtained by taking the average over the set of snapshots. The red curve
shows ρsteady

n as given by eq. (B.26).
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Figure B.5. The same plot as in fig. B.4 using a state containing 5 and 12 excitations
as initial state. In the former case the fluctuations around the average value are small
and the agreement with ρsteady

n is remarkable. The latter shows substantial deviations
from the steady state (B.27).

wave packet remains localized. There are still significant fluctuations visible. In particular in
the interval 15 ≤ t ≤ 25 remnants of the initial oscillations can be observed. In comparison
to the non-interacting case which is shown in fig. B.3b the localization in excitation number
space is apparent. As expected from eq. (B.35) here the wave packet exhibits coherent
oscillations with large amplitude.

2.5.2 The steady state and its dependence on the initial condition

We now proceed by monitoring ρn(t) over a time-interval in which the number of Rydberg
atoms shows the steady state behavior - here we choose 100 ≤ t ≤ 104. The result is depicted
in fig. B.4 for two values of N , 20 and 25. The thin green curves show individual snapshots
of ρn(t) taken at different times. In addition we present also the average of ρn(t) taken
over the considered time-interval. The fluctuations around this average decrease significantly
with increasing N . This is in accordance with the behavior of the Rydberg number nr whose
fluctuations around the mean value also diminish as N increases (see Ref. [14]). This supports
the assumptions that in the limit of very large N indeed a steady state with extremely little
fluctuations is established. For both values of N shown in fig. B.4 a comparison to the steady
state result (B.27) (thick red curve) reveals a shift of the probability distribution to smaller
n. These deviations appear to stem from the particular choice of the initial state: The state
|Ψ(0)〉 = |0〉 is localized at the leftmost vertex of the network. In this region of the graph the
matrices Cn,n+1 are, however, not actually random since the ’randomness’ is caused by the
interaction which has little or no effect when the number of Rydberg atoms is only very small,
i.e. n = 0, 1, 2. That this ’edge effect’ appears to be indeed the cause of the deviation of the
probability distribution from ρsteady

n is corroborated by the data shown in fig. B.5. Here we
present the same plot as in fig. B.4 but the initial state has to be chosen from the subspace
containing 5 excitations, e.g. it is located in the central region of the graph. The effect is
not only a much better agreement of the data with ρsteady

n but also a significant decrease of
the fluctuations about the average of ρn(t). This behavior is generic for initial states chosen
from excitation number subspaces with large dimensions.

Large deviations of the steady state from eq. (B.27) are again encountered when the
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Figure B.6. Reduced density matrix in excitation number space ρex at t = 140.
(N = 25, initial state |0〉). Shown is the absolute value of the entries. ρex is well-
approximated by a completely mixed state.

initial state is located close to the right hand edge of the graph, i.e. when its number of
Rydberg atoms is close to nmax (see fig. B.5). Hence, it becomes evident that eq. (B.25)
is not unconditionally valid. It constitutes a reliable approximation only if the initial state
contains a sufficiently large number of Rydberg atoms. That it also works well, when as
initial state the vacuum is chosen, is not evident.

2.5.3 Reduced density matrix in excitation number space

So far we have only studied the probability density distribution in excitation number space.
Further insights can be gained by examining the reduced density matrix in excitation number
space ρex as this quantity eventually determines the outcome of a measurement of the number
of Rydberg atoms. Its elements are defined by

ρex
nm =

min(dimm,dimn)∑
α=1

[
Ψn ⊗Ψ†m

]
αα
. (B.36)

In fig. B.6 we present a snapshot of |ρex| for a system of 25 sites at the time t = 140.
The initial state was |0〉. We clearly observe that the entries of the main diagonal dominate
the off-diagonal entries. Hence, there is negligible coherence between excitation number
subspaces which have a large dimension. Consequently, the reduced density matrix is well
approximated by a classical mixture ρex ≈∑nmax

n=0 ρn |n〉 〈n|. The strong interaction between
the atoms in conjunction with the laser driving erases the phase relation between excitation
number subspaces. So tracing out all degrees of freedom but those being relevant for the
measurement of the Rydberg number, leaves us with a density matrix of a completely mixed
state. This gives actually the impression that the steady state we observe is a state with
maximal entropy, since only the dimension of the excitation number subspaces determines
the outcome of the measurement (see eq. (B.27)). In fact we are dealing with a pure state
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at all times and only the particular measurement we are performing gives us the impression
of observing a completely mixed state.

2.5.4 Connection with the microcanonical ensemble

Note that all the information about the steady state could as well have been obtained by
considering a microcanonical ensemble. Here, the microstates are just given by the zero
energy eigenstates of the interaction Hamiltonian Hint defined through condition (B.2) and
the steady state given in eq. (B.28) can be obtained directly by counting the number of
these microstates. The fundamental assumption underlying the microcanonical ensemble is
that each of the microstates has equal weight. This assumption can clearly not be justified
in the absence of the laser, even though all states have the same energy. Only when the laser
is present, the microstates defined by (B.2) become strongly mixed and are thus no longer
eigenstates of the system. However, they no longer possess strictly zero energy but are rather
distributed over an energy interval which is centered at zero and whose width is proportional
to NΩ. In other words, although the laser produces a widening of the energy window occupied
by the states, it also provides the necessary ingredient that eventually allows the system to
thermalize, the equiprobability of the microstates.

At this point we want to remark that the microcanonical prediction to the steady state
(B.28) involves all zero energy eigenstates of Hint. On the other hand, the numerical results
of section 2.5 involve only a subset of all accessible states, i.e. the fully symmetric set of
eigenstates. The observed agreement between the two approaches suggests that the number
of fully symmetric eigenstates with a given excitation number m is proportional to dimm.

2.6 Summary and conclusions

We have investigated the origin of the steady state value of the Rydberg number which
is exhibited in a laser driven Rydberg gas after an initial transient period. Starting from
Heisenberg’s equation we have derived an effective equation of motion for the probability
density in excitation number space. This effective equation of motion which is coarse-grained
in time exhibits a steady state. When comparing this steady state to actual numerical
simulations excellent agreement is found provided that the initial state was chosen from an
excitation subspace with sufficiently large dimension. In case of an initial state containing a
very small/large number of excitations still a steady state is established, however, deviations
from the analytical result are obtained.

We have visualized the system by a graph whose vertices are represented by eigenstates
of the interatomic interaction. Coupling between the vertices is established by the laser-atom
interaction. A similar mapping was applied in Refs. [26, 29] where interacting fermions were
studied by means of a graph. Here, a transition between localized and delocalized eigenstates
has been found to take place as a function of the interaction strength. In our system we are
in the regime of strong interaction and the eigenstates are delocalized throughout the entire
graph. The observed localization in excitation number space and hence also the observation
of a steady state value of nr is a purely statistical effect, owed to the strongly peaked function
dimm.
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It would be interesting to see whether a distribution of the Rydberg number count similar
to eq. (B.27) and - more specifically - the calculated values for the mean Rydberg number
and the Mandel Q-parameter can be observed in actual experiments. Studying the shape and
the temporal evolution of the distribution should yield insights into how this steady state is
established as the interaction strength increases. Since our simple model is not expected to
be valid in higher dimension experiments with Rydberg atoms in lattices could also help here
to clarify whether and, if so, how a steady state is established.

Discussions with R. González-Férez are gratefully acknowledged. B.O. acknowledges the
support of Ministerio de Educación y Ciencia under the program FPU. B.O. also gratefully
acknowledges the MICINN grant FIS2008-02380 and the JA grant 2445.
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Publication

Efficient quantum repeater based on deterministic Rydberg
gates†

Physical Review A 81, 052329 (2010)
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Institute for Theoretical Physics, University of Innsbruck, and Institute for Quantum Optics
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We propose an efficient quantum repeater architecture with mesoscopic atomic en-
sembles, where the Rydberg blockade is employed for deterministic local entanglement
generation, entanglement swapping and entanglement purification. Compared with con-
ventional atomic-ensemble-based quantum repeater, the entanglement distribution rate
is improved by up to two orders of magnitude with the help of the deterministic Rydberg
gate. This new quantum repeater scheme is robust and fast, and thus opens up a new
way for practical long-distance quantum communication.

3.1 Introduction

Quantum information can be transmitted directly over distances above some hundred kilo-
meters only at unpractically low rates due to loss and decoherence. In order to remedy this
limitation the concept of a quantum repeater has been introduced [1], where quantum en-
tanglement is distributed over small distances, stored in quantum memories, purified, and
swapped in a nested architecture [2]. A quantum repeater can in principle be implemented
with atomic ensembles and linear optics only [3]. However, despite significant progress during
the last years on both the theoretical [4–6] and experimental side [7, 8], – see [9, 10] for recent
reviews – the entanglement distribution rate achievable in such an architecture is still much
too inefficient to be of practical interest, even under ideal conditions. This is predominantly
due to the fact that linear optical methods only allow for a probabilistic entanglement ma-
nipulation, posing severe limitations on the overall success probability, and therefore on the
rate of entanglement distribution.

†The author of the present thesis acted primarily in an advisory role throughout this work. He contributed
to this publication by discussions on the implementation of the quantum repeater scheme using Rydberg atoms
and on the error analysis. The detailed analytical and numerical calculations have been performed by BZ.
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Figure C.1. A schematic view of the quantum repeater protocol with mesoscopic atomic
ensembles based on Rydberg gate, including local entanglement generation, entanglement
linking, entanglement swapping and entanglement purification.

In this paper we introduce a deterministic quantum repeater protocol using quantum
gates for entanglement swapping and purification. The quantum gates rely on the Rydberg
blockade effect in mesoscopic atomic ensembles [11], and the remarkable recent advances in
exploiting this effect for quantum information processing [12–16]. Deterministic operation
provides an enhancement of two orders of magnitude in the rate of entanglement distribution
as compared with the best quantum repeater based on linear optics [5]. For realistic local
errors around 10−3 − 10−2 the new quantum repeater architecture yields a rate of about 10
ebits per sec. We thus show that deterministic quantum repeaters based on Rydberg gates
open up a new avenue for high-rate, long-distance quantum communication.

Deterministic quantum gates based on trapped ions were recently explored in [17] in the
context of quantum repeaters. However, this requires strong coupling between single ions and
high finesse cavities, which is still challenging for current technology. The use of Rydberg
gates in quantum repeaters was first proposed in [18]. In this protocol the distribution of
entanglement at the fundamental repeater level is still probabilistic as it is based on absorption
of photons which are lost in the channel in most cases. The gate operation therefore has to rely
on post-selection, just as the conventional protocols [9] based on linear-optics. In contrast,
the quantum repeater architecture introduced here is deterministic, does not require strong
coupling between atoms and light, and is robust against path length fluctuations.

In our protocol, mesoscopic atomic ensembles of the size of a few micrometers are ex-
ploited as a quantum memory. If the atoms in such ensembles are laser-excited to high-lying
Rydberg states, strong and long-range van-der-Waals or dipole-dipole interactions give rise to
the Rydberg blockade, which prevents the excitation of more than one Rydberg atom within
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a volume, which is smaller than the blockade radius [11, 16]. Based on the large nonlinearity
associated with the blockade effect deterministic entangling quantum gates can be performed
between collective excited states in one or different atomic ensembles by applying a series
of collective and single atom laser pulses [12]. Our protocol starts by local and determin-
istic entanglement generation in one atomic ensemble with the help of a collective Rydberg
gate. The entanglement is then linked between neighboring sites by linear optical methods,
where two photon interference is explored. Further entanglement swapping and entanglement
purification are implemented based on Rydberg gates between two nearest memory atomic
ensembles at one site. The protocol presented here is improved in three respects compared
with conventional schemes: (i) local entanglement manipulation is performed deterministi-
cally, (ii) the number of times required to convert atomic states into photons is reduced to
a minimum, (iii) the detection step in entanglement swapping and entanglement purifica-
tion can be performed with the help of field ionization, thereby significantly increasing the
detection efficiency.

3.2 Basic Protocol

We envision a setup with mesoscopic cold atomic ensembles with a diameter of several mi-
crons. The relevant energy levels are shown Fig. 1a and comprise an electronic ground state
manifold with five sublevels |g〉, |s〉, |s′〉, |t〉, |t′〉, and two Rydberg states which we denote by
|r〉 and |r′〉. Initially all the atoms are prepared in the ground state |g〉. We assume these
sublevels can be addressed individually, and that atoms in the two Rydberg states experience
strong interactions.

In our scheme, we first generate a qubit-type entanglement in one atomic ensemble, which
can be done as follows (see Fig. 1a). i) A collective π pulse (Rabi frequency ΩN ∝

√
N) and

a single-atom π pulse are applied sequentially to create one collective excitation, transferring
|0〉 → |r〉 → |s〉, where |0〉 = |g, ..., g〉, and |x〉 = 1√

N

∑N
i=1 |g, . . . , g, xi, g, . . . , g〉, where x =

r, r′, s, t, s′ or t′ represents the collective state. In the intermediate step the Rydberg blockade
prevents excitation of more than one atom. ii) We create a second collective excitation |t′〉
with the same method. iii) A single-atom π/2 pulse transfers |s〉 to (|s〉+|r〉)/

√
2. iv) A single-

atom π pulse excites |t′〉 to |r′〉. Due to dipole blockade, we obtain (|s〉|r′〉 + |r〉|t′〉)/
√

2. v)
Finally, we apply two single-atom π pulses to bring |r′〉 to |s′〉, and |r〉 to |t〉, and obtain the
desired Bell state (|s〉|s′〉+ |t〉|t′〉)/

√
2.

In a second step, all pairs of nearest communication sites are linked using methods from
linear optics [4, 5]: After the generation of local entanglement at sites, say, A and B, read
light pulses are applied to convert the collective excitations in |s′〉 and |t′〉 into photons with
different polarization, e.g., |H〉 and |V 〉 respectively, such that the whole system is described
by (|sA〉|HA〉 + |tA〉|VA〉)(|sB〉|HB〉 + |tB〉|VB〉)/2. The two photons from both sites are
directed to the middle point, and detected in a Bell state analyzer composed of a polarizing
beam splitter and single photon detectors [4], where two of the Bell states, e.g., (|HA〉|HB〉±
|VA〉|VB〉)/

√
2 are identified (see Fig. 1b). Once a two photon coincidence count between the

single photon detectors, e.g., D1 and D4, is registered, entanglement is generated between
two memory qubits at neighboring sites, described by |φ〉A,B = (|sA〉|sB〉 + |tA〉|tB〉)/

√
2.

This process is heralded, with a success probability of p = 1
2η

2
rη

2
pdη

2
att,where ηr is the retrieval
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efficiency, ηpd is the photon detection efficiency, and ηatt = e−L0/(2Latt) denotes the loss in the
photonic channel with Latt the attenuation length. If no coincidence is registered, the local
entanglement generation and linking steps are repeated until success.

Finally, after neighboring communication sites are linked, we can connect them by en-
tanglement swapping. Suppose we have generated entanglement |φ〉ABu and |φ〉BdC between
atomic ensembles A and Bu, Bd and C, as shown in Fig. 1c. The two atomic ensembles at
site B are placed close to each other within the blockade radius, so that we can perform a
two-qubit gate between them. To implement entanglement swapping, we first apply a CNOT
gate between the memory qubits stored in atomic ensembles Bu and Bd, which can be done
by a series of single atom π pulses [21]: i) a π pulse excites |sBu〉 to |rBu〉, ii) a π pulse brings
|sBd〉 to |rBd〉, iii) a π pulse transfers |rBd〉 and |tBd〉, iv) a π pulse transfers |rBd〉 to |sBd〉,
and v) a final π pulse returns |rBu〉 to |sBu〉. The corresponding truth table is shown in Table
1.

Table C.1. Truth table of the CNOT gate operation between two ensembles located at
the same communication site, required for entanglement swapping. The steps involving
the Rydberg blockade mechanism are denoted by ⇒.

sBusBd→rBusBd⇒rBusBd→rBusBd⇒rBusBd→sBusBd
sButBd→rButBd→rButBd⇒rButBd→rButBd→sButBd
tBusBd→tBusBd→tBurBd→tButBd→tButBd→tButBd
tButBd→tButBd→tButBd→tBurBd→tBusBd→tBusBd

After applying the CNOT gate we measure the memory qubits in the ensembles Bu and
Bd in four states |+Bu〉|sBd〉, |−Bu〉|sBd〉, |+Bu〉|tBd〉 and |−Bu〉|tBd〉, where |±Bu〉 = (|sBu〉 ±
|tBu〉)/

√
2, in order to project the memory qubits at sites A and C into the desired entangled

state. In contrast to conventional schemes where the collective excitations are converted
into photons for the detection, we suggest to measure the quantum state by transferring the
excitation to a Rydberg state, field-ionizing the atom and detecting the ions. Detection of
single Rydberg atoms has been demonstrated in photon counting experiment with near-unity
detection efficiencies ηd [19]. After the detection, the states are projected into (|sA〉|sC〉 +
|tA〉|tC〉)/

√
2, up to a local unitary transformation.

The communication distance can be extended further by entanglement swapping. Since
entanglement swapping is deterministic, the entanglement distribution rate is similar to the
one of a quantum repeater based on trapped ions [17]. For L = 2nL0, the total time needed
can be approximated by

Ttot ≈
n∏
i=0

αi
Tcc
p
≈

n∏
i=1

αi

2n−1

3L

η2
rη

2
pde
−L/(2nLatt)

(C.1)

where Tcc = L0
c the classical communication time with c the light speed, p = 1

2η
2
rη

2
pdη

2
t and

α0/p are are the average of times one has to repeat before entanglement is successfully linked
over the entire distance, with a numerical result of α0 ≈ 3 for p � 1 [20]. The coefficients
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αi 6=0 > 1 denote the average number of attempts needed to implement entanglement swapping
due to non-unity detection efficiency.

3.3 Error Analysis and Purification

Let us now take into account local manipulation errors, which have been neglected in the
discussion so far. The intrinsic errors in local manipulation are mainly induced by decay of
the atoms when they are excited to Rydberg states, the imperfect Rydberg blockade induced
by finite dipole-dipole shifts [21], and the imprecision of the collective pulses caused by an
uncertainty of the atom number N . The decay of the Rydberg states causes decoherence
errors proportional to the Rydberg states decay rate γ and inversely proportional to the
Rabi frequency of the collective pulses ΩN or single atom pulses Ωs. The finite value of the
Rydberg interaction energy shift ∆dd (imperfect blockade) will cause several kinds of errors.
The first one is that two excitations may be generated in the atomic ensembles and thus
causes losses. Secondly, the adiabatic elimination of the doubly excited Rydberg states will
cause an ac stark shift on the one atom excitation states, and thus cause dephasing errors.
These errors in the local entanglement generation step are of the order Ω2

N,s/∆
2
dd and can be

estimated as

Eloc = 1− Floc = 2
γπ

ΩN
+
γπ

Ωs
+ 4

Ω2
N

∆2
dd

+ 2
Ω2
s

∆2
dd

, (C.2)

with Floc the fidelity of the locally achieved entanglement. The imprecision of the collective
π pulses is on the order of 1/N for an uncertainty of the atom numbers

√
N . For N > 100,

this error is less than 1% and can be safely neglected. In Fig. 2a we plot the optimized local
errors Eloc versus ∆dd for τ = 1/(2πγ) = 200 and 300 µs (and ΩN = Ωs). One can see the
local error is only a few percent for a dipole shift of ∆dd = 20− 100 MHz.

Local imperfections are mainly decoherence, dephasing and loss errors. We can thus
neglect spin flip errors and describe the local entanglement by a mixed entangled state

ρ = (1− (p1 + p0))ρ2 + p1ρ1 + p0ρ0), (C.3)

where ρ2 = Floc|φ+〉〈φ+| + (1 − Floc)|φ−〉〈φ−| with |φ±〉 = (|sA〉|sB〉 ± |tA〉|tB〉)/
√

2 , p1 ∼
(ΩN/∆dd)

2 and p0 ∼ (Ωs/∆dd)
2 are respectively the small probabilities to generate erro-

neously a single excitation and vacuum contribution ρ1 and ρ0, which are created due to
double excitations (imperfect Rydberg blockade).

After linking the neighboring sites, we obtain a density matrix

ρ0 = (1−O(p1)ρ0
2 +O(p1)ρ1) (C.4)

up to the first order of O(p1), with a success probability of p ≈ 1
2η

2
rη

2
pde
−L0/Latt(1− O(p1)),

where ρ0
2 = F0|φ+〉〈φ+| + (1 − F0)|φ−〉〈φ−| up to a local unitary transformation, with F0 =

F 2
loc+(1−Floc)2. The errors in the photonic channel are neglected since two photon interference

is used. The errors in the subsequent entanglement swapping step are similar to the ones
of the local entanglement generation, and can be estimated using the average error of the
CNOT gate

Ecnot = 1− Fcnot =
2γπ

Ωs
+

3Ω2
s

2∆2
dd

. (C.5)
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Figure C.2. (a) Average errors in local entanglement generation (gray) and entan-
glement swapping (black) versus dipole-dipole shift. The dashed and solid curves are
for τ = 200 and 300 µs respectively. (b) The performance of the quantum repeater.
The solid curve represents the result without entanglement purification, which requires
local errors on the order of 10−3. The dashed and dotted dashed line are the results
for Floc = Fcnot = 0.99 and 0.98, where active entanglement purification is implemented
twice and four times respectively, when the fidelity is no larger than 0.9. The final fi-
delity is higher than 0.94 and the probability to get the entangled state is larger than
0.95 in both cases. The dotted line is the result of the best-known protocol with atomic
ensembles and linear optics proposed in Ref. [5].
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Figure 2a shows the optimized swapping errors Ecnot versus ∆dd for τ = 1/(2πγ) = 200
and 300 µs. The entanglement swapping errors are smaller than for the generation of local
entanglement since no collective pulses with associated generation of collective excitations
are required.

After n-step entanglement swapping, the mixed entangled state reads

ρn = (1−O(p1)ρn2 +O(p1)ρ1) (C.6)

where ρn2 = Fn|φ+〉〈φ+| + (1 − Fn)|φ−〉〈φ−|. The fidelity can be approximated by Fn =
(F 2

n−1 + (1− Fn−1)2)Fcnot, for Fcnot close to one. Note that the probability of obtaining the
two excitations is independent of n, thanks to the use of qubit-type entanglement and the
detection of two excitations in each step [4]. The success probability of each entanglement
swapping step is p ≈ (1−O(2p1))η2

d, where we have assumed for simplicity that the probability
to obtain a double Rydberg excitation during the entanglement swapping (Ωs/∆dd)

2 is on
the order of O(p1).

The local errors will accumulate during entanglement connection [1]. A staightforward
calculation shows that for n = 4 and Floc = Fcnot = 0.99, the final fidelity drops to F4 =
0.69. Therefore, entanglement purification has to be performed, which can be achieved by
employing two CNOT gates [22]. Assume we have generated two pairs of mixed entangled
states between Au and Cu, and Ad and Cd, described by ρi. We first apply a π/2 Raman
pulse coupling |s〉 and |t〉 to change the two excitation component to ρi′2 = Fi|φ+〉〈φ+| +
(1−Fi)|ψ+〉〈ψ+| with |ψ+〉 = (|sAu,d〉|tCu,d〉+ |tAu,d〉|sCu,d〉)/

√
2. We then perform two local

CNOT gates with Au and Cu the control qubit and Ad and Cd the target qubits, where we
have assumed the two atomic ensembles at one site are located within the blockade radius.
After the CNOT gates, we measure the target qubits in ensembles Ad and Cd in the |s〉 and
|t〉 basis. If both qubits are in the |s〉 or the |t〉 state, the memory qubits in Au and Cu are
kept, otherwise the results are discarded. After entanglement purification, we obtain a mixed
state ρp2 = F p|φ+〉〈φ+|+ (1−F p)|ψ+〉〈ψ+|, where the leakage to other states is neglected for

large values of Fcnot, and the achieved fidelity can be estimated as F p =
F 2
i

F 2
i +(1−Fi)2F

2
cnot. The

success propagability of purification is p ≈ (F 2
i +(1−Fi)2)η2

d. After entanglement purification,
the total density matrix can be described by

ρ = (1−O(p1/F
2
i )ρp2 +O(p1/F

2
i )ρ1) (C.7)

where we have assumed that the one excitation term only contributes a false signal.

The main result of our work is illustrated in Fig. 2b, where the performance of the
quantum repeater is plotted as a function of the communication distance for n = 4, ηr =
ηpd = 0.9, ηd = 0.95, Latt = 22 km and c = 2 × 105 km/s in fibers. For comparison, we also
show the performance of the best known atomic-ensemble-based repeater protocol without
purification [5]. It can be seen that the entanglement distribution rate is enhanced by up to
two orders of magnitude. For L = 1000 km, the total time needed is on the order of a few
hundred milliseconds.
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3.4 Implementation

The presented quantum repeater can be implemented using cold alkali atoms. Individual
addressing of different sublevels can be achieved by choosing suitable laser polarization and
applying a constant magnetic field. The atoms may be trapped in a one dimensional optical
lattice generated by two counter-propagating laser beams, where in each well a mesoscopic
atomic ensemble can be trapped and the size and distance of the wells can be controlled by
tuning the angle between the trapping light fields [23].

In our protocol, we suggest to use the isotropic repulsive van der Waals interactions by
exciting the atoms to Rydberg to s-states with a principal quantum number n around 70. In
this case, the interaction energy between two atoms at a distance of r can be approximated
by V = −c1

n12

r6 + c′1
n16

r8 [24], with c1 < 0 and c′1 > 0, where interactions proportional to 1/r10

are neglected. The interactions are repulsive for large and attractive for small r, yielding a
critical distance rc where the repulsive shift is maximal. We use rc to estimate the minimum
distance required to assure repulsive interatomic interactions, and find for Rb, c1 = −0.85
and c′1 = 0.8, and n = 70, a critical distance rc = 0.3 µm, corresponding to a density of
1/(r3

c ) = 3.7× 1013/cm3. For a fixed density, one is interested in maximizing the number N
of atoms within the blockade radius, for high photon retrieval efficiencies and a uncertainty
in the atom number. As illustrated in Fig. 2a, an interaction energy shift ∆dd > 20 MHz
allows for local errors of less than 2%. This yields a maximum Rydberg blockade radius
Rb ≈ (− c1n12

∆dd
)1/6; a more accurate calculation using the interaction energy in [24] gives

Rb < 6 µm for n = 70. Thereby, a diameter of 2 to 3 µm is sufficient for achieving high
fidelity local operations (a density of 3× 1013/cm3 and a volume of (2 µm)3 would allow for
about N = 240 atoms per ensemble). With the help of a bad cavity, the retrieval efficiency
can be estimated as ηr = C

C+1 , where C = Nc2
r

24F
2πk2w2

0
with k the wave number of the emitted

photon, and cr the transition coefficient [25]. For a finesse of F = 100, cavity mode width
w0 = 5 µm, cr = 1

3 and k = 2π/µm, we can obtain a high retrieval efficiency of 0.91.

Finally, to implement long distance quantum communication over 1000 km, the coherence
times of the quantum memory have to be on the order of a few hundred milliseconds. This
should be achievable for an atomic memory with cold atoms, where a storage time of about
one second for classical light has been achieved [26].
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A Rydberg Quantum Simulator,
Nature Physics 6, 382 (2010)

3. B. Zhao, M. Müller, K. Hammerer and P. Zoller
Efficient quantum repeater based on deterministic Rydberg gates,
Physical Review A 81, 052329 (2010)

4. B. Olmos, M. Müller and I. Lesanovsky
Thermalization of a strongly interacting 1D Rydberg lattice gas
New Journal of Physics 12, 013024 (2010)

5. I. Lesanovsky, M. Müller and P. Zoller
Trap assisted creation of giant molecules and Rydberg-mediated coherent charge transfer
in a Penning trap
Physical Review A 79, 010701(R) (2009)

6. M. Müller, I. Lesanovsky, H. Weimer, H. P. Büchler, and P. Zoller
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QSIT Seminar, ETH Zürich (Zürich, Switzerland). Invitation by Prof. A. Imamoglu,
November 22, 2010

• Digital Quantum Simulation with Trapped Ions
Invited talk at the 8th SFB-FoQuS Meeting (Innsbruck, Austria), July 8, 2010

• Digital Quantum Simulation with Rydberg Atoms and Trapped Ions
Seminar at the Physikalisch-Technische Bundesanstalt (PTB) Braunschweig, Germany
(Braunschweig, Germany). Invitation by Prof. P. Schmidt, May 7, 2010

• Digital Quantum Simulation with Rydberg Atoms
Seminar in the group of D. Jaksch, University of Oxford (Oxford, UK), April 27, 2010

• Digital Quantum Simulation with Rydberg Atoms
Seminar talk at the Universidad Complutense de Madrid (Madrid, Spain). Invitation
by Prof. M.-A. Martin-Delgado, April 21, 2010

• Digital Quantum Simulation with Rydberg Atoms and Trapped Ions
Seminar at the Institut de Ciencies Fotoniques (ICFO) Barcelona, Spain (Barcelona,
Spain), May 17, 2010

• Digital Quantum Simulation with Rydberg Atoms and Trapped Ions
Common Atomic Physics and Condensed Matter Theory Seminar, MPI for the Physics
of Complex Systems, (Dresden, Germany). May 3, 2010

• Digital Quantum Simulation with Rydberg Atoms
Condensed Matter Theory Seminar, Department of Physics, University of Basel
(Switzerland). Invitation by Prof. D. Loss, January 7, 2010

• Digital Quantum Simulation with Trapped Ions
Seminar talk in the group of Prof. R. Blatt,
University of Innsbruck (Austria). October 22, 2009

• Digital Quantum Simulation with Rydberg Atoms
Seminar talk at the Max-Planck-Institute for the Physics of Complex
Systems Dresden (Germany). Invitation by T. Pohl, June 3, 2009

• Digital Quantum Simulation with Rydberg Atoms
Seminar talk at University of Nottingham (England). Invitation by I. Lesanovsky, May
11, 2009

• Digital Coherent and Dissipative Quantum Simulation with Rydberg Atoms
Seminar talk the Institut d’Optique, CNRS, Paris (France). Invitation by
Prof. P. Grangier and A. Browaeys. April 28, 2009



202 Curriculum Vitae

• A Mesoscopic Rydberg Gate
Contributed talk at the Spring Meeting of the German Physical Society (DPG) in
Hamburg (Germany) March 2, 2009

• Mesoscopic Rydberg Gate Based on EIT
Invited talk at the SFB conference 2009, Innsbruck (Austria),
January 29, 2009

• A Mesoscopic Rydberg Gate Based on Electromagnetically Induced Transparency
Seminar talk in the group of Prof. T. Esslinger, ETH Zürich (Switzerland), January 19,
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